CHAPTER 5. INTEGRALS 85

2.4 The Precise Definition of a Limit

Study text Examples 1, 2 and 4 in particular, and try Exercises 1, 2, 3, 15.

We have worked with limits so far using the intuitive idea that lin% f(z) = L means
X—

As x gets “close” to a, f(x) gets “close” to L.
First we put this in terms of guarantees of closeness to L:

We can guarantee that the value of f(x) is “close enough ” to L by looking only at values of x that are
“close enough” to a.

Next, we measure the closeness of two numbers by the absolute value of their difference being
small:

We can quarantee that f(x) — L is as small as we want by looking only at values of x with x — a “small
enough”.

Finally we give a numerical meaning to “as small as we want”: guaranteeing f(z) — L “as small
as we want” means smaller than any chosen positive number, e: |f(z) — L| < ¢; considering only
x — a “small enough” means only x values with |z — a| < J for some positive value 6.

Putting this all together gives the precise definition of a limit

Definition (Limit). The limit of f(x) as x goes to a is L, written

lim f(z) =L,

X—a

if for any given positive number ¢, there is a positive number ¢ so that
|f(x) — L| < € whenever |z — a| < §, x # a.

Note that the value of f at = a is ignored, to allow limits to exist even if f is not defined at x = a.

Example (A). For f(z) = 2z + 3, a = 4, the limit is L = 11: lin}l(2x + 3) = 11. This is confirmed by
X —

using 6 = /2 (this § is positive as required).

This is because |x — 4| < 6, |f(x) = 11| = |2z +3) — 11| =22 — 8| = [2(x —4)| =2]z — 4| < 2§ = e

That is, | f(x) — 11| < €, as required.

For example, to get | f(x) —11] < 0.001, s0 10.999 < 243 < 11.001, it works to require |x — 4| < 0.0005,
so that “x is close to 4” in that 3.9995 < = < 4.0005.



