Beam stabilization in the 2D nonlinear Schrodinger equation with attractiv e potential
by beam splitting and radiation
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The e ect of attractiv e linear potentials on self-focusing in waves modelled by the Nonlinear
Schredinger equation is considered. It is shown that the attractiv e potential can prevent both
singular collapse and dispersion that are generic in the the Nonlinear Schredinger equation in the
critical dimension, and can lead to a stable oscillating beam. This is observed to involve a splitting
of the beam into an inner part that is oscillatory and of sub-critical power, and an outer dispersing
part.

Analysis is given in terms of rate competition betweenthe linear and nonlinear focusing e ects,
radiation lossesand known stable periodic behaviour of certain solutions in the presenceof attractiv e
potentials.

PACS numbers: 42.65.Jx

I. INTR ODUCTION

Variants of the nonlinear Schredinger equation (NLS) with attractiv e potentials arise in many models of weakly
nonlinear dispersive wavesand the nonlinear phenomenonof self-facusing or wavecollapse The simplestNLS equation
with only a cubic nonlinearity has unusual behaviour such as formation of self-facusing singularities in nite time
when there are two or more dimensions transverse to the propagation variable. The problem is most acute for
critical transversedimension D = 2, which is fraught with instabilities: small perturbations in initial data or various
small additional terms modelling physical featuresignored in the basic cubic Schredinger equation (CSE) can change
solutions betweensingular collapseand dispersion.

Most such perturbations of the equation are higher order nonlinear e ects, but here we considerthe e ects of an
attractiv e potential, giving what will be called the Nonlinear Schredinger Equation with Potential (NLSP),
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We shall concerirate on the two-dimensionalcasewith = (t;x;y), r 2= @+ @ This arisesin modelsof CW laser
propagation in waveguides,molecular excitations in a lattice nearan inhomogeneily [1], The Gross-Pitaevskiimodel [2]
for attractiv e quasi-2D Bose-Einstein condensatesand magnetic nano-structures [3]. The standard Gross-Pitaevskii
Equation for BEC's in a con ning trap has a quadratic potential, and usually also linear and nonlinear dissipation
terms, but the latter terms are unimportant to the current study. Note that, in someof the applications, t represerts
propagation distance rather than time. The cubic nonlinearity represerts intensity dependen refractive index in the
optical case;exciton-phonon interaction in molecular excitations; and interaction betweenthe Boseparticles in BEC:
the last is repulsive in most casesbut attractiv e for “Li atoms for example. The potential U(x) represeris a spatially
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FIG. 1: h = 1:.95, wp, = 0:5: oscillations in place of collapse

dependert refractive index for laser propagation; spatial inhomogeneity for molecular excitations; and the con ning

eld or \trap" usedin forming a BEC.
In situations where the initial beam is wide relative to the potential, one conveniert model for the potential is a

gaussian
U(r) = hpe =@ )

of depth h,, and width wp. This is plausible for a graded index br e laser wave guide, and for molecular excitations,
where the potential represerts the e ect of a small impurity in the molecular lattice.

Recert numerical obsenations [4{7] show that such an attractiv e gaussianpotential can have the counter-intuitiv e
e ect of inhibiting or limiting collapse,while alsopreverting dispersion,leadinginsteadto oscillatory beamsthat avoid
both the extremes of singular collapse and dispersion that are the only generic outcomesin the focusing 2D cubic
Sdredinger equation (CSE; the above equation with no potential). This happensfor various potentials narrower than
the initial beam but su cien tly deep,with an initial focusingfollowed by a train of focusing/defocusing oscillations.
For example, Fig. 1 shows the amplitude ewolution for a casein which the CSE dewelopsa singularity at t  5:73.

All simulations here are performed with gaussianinitial data certered at the origin, normalized to height h and
width 1:  (0;r) = he r*=2. ¢ = jXj and one can achieve this collapseinhibition with h up to 2.5, whereaswithout the
potential, singularity formation is obsenedfor all h > h,  1:93. The numerical methods usedare described in [5, 8].

Herewe presen an analysisfor explaining theseobsenations alongwith additional numerical studiesof the structure
of the solutions. The analysisis basedon a scaling argument and a collective coordinate calculation. For this, some
badkground is needed;sourcesfor results stated without citation are the articles of Rasnmussenand Rypdal [9, 10], the
book of Sulem and Sulem [11], aswell as[1, 12{14] for more recert results involving also the in uence of quadratic

potentials.
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Notg that since our initial data is of the form he ’=2 the copsened quartities of the CSE are the "p ower",
N = j j?dx = h? and the Hamiltonian, "energy", H = I-bo = jr j* 3 j*dx=N(1 N=4). Thusthe
su cien t condition for global existenceholds for h < hg i = N¢ = 1:927, and singular collapseis garantied for
H < Oholdsfor N > 4 , orh> 2. N is theggritical power, which is given asthe norm of the stationary ground state
solution of the CSE. Also, the varianceV =  r?j j2dx can be related to the beam width de ned by r by V = Nr2.

When a potential is added, exact results on singular collapsein the NLSP are only known for the caseof an attractiv e
guadratic potential, which, however, is also a relevant approximation for a beam concerrated near the bottom of an
attractiv e radially symmetric potential. The gaussianpotential (2) can be shifted by a harmlessconstart and then
approximated near the origin by U(r) = §r?=4;  §= 2h,=wg; sowe will discussquadratic potentials in this form.
The power N is consened with the sameform as before, the consened energy takesthe form H = Hg + ( 0=2)?V
and the variance satis es
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so collapseis guaranteed if Ho(0) = H 2V(0)=4 0. The only changefrom the CSE is extending the singularity
formation su cien t condition Ho(0) < 0 on the initial data to alsoinclude the caseof equality.

Note that if no singularity forms, the variance is bounded and in fact periodic. Another kind of periodic solutions
have beenestablishedby Roseand Weinstein [15]; orbitally stable steady state solutions €'t (r) exist with N < N
for a classof potentials including the quadratic form here, and gaussianslarge enoughfor the corresponding linear
Sdredinger equation to have a bound state: for a detailed discussionseeChadan et al [16)].

Il. COLLAPSE INHIBITION: COMPETING COLLAPSE LENGTH SCALES AND RADIA TION FR OM
SOLITON-LIKE SOLUTIONS

A. An argumen t for inhibition with appro ximate threshold, based on comp eting length scales

We rst discussthe inhibition of the collapseby the narrow potential using a simple scaling argumert. The basic
idea consistsin comparing the time scale Tpo Of the the linear focusing in the potential with the time scale Ty for
the self-focusing of the beam. When the potential is narrower than the initial beam, wp < 1; and Tyt T the
beam may be split into two parts before the self-focusing takesplace. If the inner part separatessubstartially from
the outer, and the power in ead of the two parts is lessthan the critical power N, neededfor formation of a focusing
singularity, the initially fast focusing of the inner part driven by the potential would not be capable of cortinuing to
singularity formation: instead its width could be expectedto follow the sinusoidal form in Eq. 3. Also the outer part
would be subcritical and radiate outwards.

The time scalesT,t and Ty, are estimated as follows: For the CSE with real-valued initial da&a (plane waves), the

parabolic ewolution of the variance implies that the singularity time must satisfy T T, = 4jNTj: For the same
initial data with the quadratic potential, the sinusoidal variance evolution (3) givesthe bound T Tpe = EPV;LT
P

It is interesting to note that this crude upper bound dependsonly on the linear potential, oncethe nonlinearity has
initiated focusing of the initial plane wave. However, the quadratic potential approximation only applies when a
signi cant part of the beam's power lies within the concave part of the gaussianpotential, so this estimate should
only apply when hy is not much smaller than 1.

Thus, the scaling argument suggestsqualitativ ely that if the linear focusing e ect has a shorter length scale,
Tpot < Thi; equivalert to

w2 h2
hy> 2 2 — 1 : (4)
P™ 2 h2,

rapid linear focusing of the certral part of the beam initially within the potential could causeit to split from the
outer part of the beam that is focusing only under the slower nonlinear e ect. If the splitting is su cien t we may
expect the inhibition of the collapseand a behavior as sketched above: a quasi-steadybeam with oscillating width
(and amplitude) following Eq. (3) and trapped in the potential. This beam will be surrounded by and expanding
wave form in the outer region.

In fact numerical results do show this spatial splitting with inner part having power just belov N, as seenin the
next section. So we obsene that this condition for splitting and thereby collapsearrest is in qualitative agreemern
with the numerical results whenw, /1.
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TABLE I: Shallowest potentials for collapse inhibition at various small beam widths

However, for w, 1, h, for arresting the collapsedoesnot scalelike 4 at all. For smallerwp, aninitial self-focusing
canbe expectedto follow roughly the dilation transform form seenwithout a potential, i.e.,j (t; X)j = R(x=L(t))=L(t),
where R designatesthe ground state solution of the stationary CSE (seealso the following section). Thus, roughly
j (t0)jw®=j (0;0)j = h (the initial width is 1) and when the beam reachesthe width w® wp, the amplitude in
is h® h=w,, after which the potential-fo cusing takeso . Reversingthis dilation would correspond to the casewith
the original initial data, but with the potential given as WS /1, hg hpw, resulting in a rescaling of the splitting
condition to

2 h2
hpwp > 7 h
This can be comparedto the valuesin Table I.

This medhanism for an initial inhibition of singularity formation doesnot rule out the possibility that self-focusing
could bring the power of the inner part above the critical threshold on its slower time scale, after the initial inner
focusinghasproducedoneor more inner oscillations; this would lead to the pattern of oneor more oscillations followed
by singularity formation that is also obsened above for potential just large enoughto inhibit singularity formation in
the initial beam collapse. Thus, to determine whether singularity formation can be permanertly prevented, radiation
needsto be considered,and a more detailed model of the radiation mecanism removing power from the region of the
potential is needed.

B. Radiation model for relaxation to sub-critical inner bound states

The collective coordinates method usedfor exampleto derive the form of the singular solutions of the CSE [17] and
collapseinhibition by an attractiv e potential with moving o -centre beam [6] can be usedto study the evolution of
beamwidth, describingthe inner, focusing, part of the beamand its interaction with radiation to the outer, dispersing
part. Omitting details, which are similar to these cited precedetts, one describesthe behaviour in terms of a beam
width scalevariable L and an excessof power over critical in the inner region, , related to the original equation
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Here, the width scaleis determined by the condition that the transformed prole is almost stationary, and in the
inner regionsis approximated by the Townessoliton R, the stationary state pro le for the CSE given by the positive
radially symmetric solution of

r R+R R3=0; (7)
Ns represernts the power within someinner region relative to the width scale,
z z
Ns = j(tx)j?dx = i 0P (8)
ixj o sL(t) iTs

N  11:67is the power of the Townessolition, the critical power neededfor singularity formation, and

M=> jj% 2d~ 34 (9)



By consideringthe radiation rate for the core power we evertually get the equations
1 @

N
_= F Vc-'- (11)
with the e ectiv e potential
z
V(L) = U(Lx)R?(jxj) dx; 12)
_ - L® @&
=H()expf = g = +W@ (13)

and H( ) is the Heaviside function. These equations show that the width dynamics controls the tunneling rate and
in this way modi es the core power kinetics.
One can eliminate the integral get a closedODE approximation by replacing R(r) with its Gaussianapproximation
in the form
r

_ N r? 2 .
R(r) Rg(r) = 52 exp 282 B 0:8: (14)
resulting in
1 Ne  hp2w; 4:3h,2w5
—V(L)y= = = 15
M (L) M 2wZ + B2L?2 2:5w3 + L2 (15)

However, as the resulting system can still only be studied numerically, an alternativ e is to evaluate the e ective
potential using either numerical approximation of R(r), or the more accurate approximation

R(r) Rs(r) = Kssedi(r=B): (16)

In comparisons,the sed version consistertly gave somewhat better ts to the NLSP, so only this is used here.
We comparedto the caseh = 1:95, w, = 0:5 where inhibition occurred for h, above 0.12, and comparedto that for
hp = 0:14 asshown in Fig. 1. The equivalert initial conditions for ODE's are

L(0) = 1:4;,L(0) = 0; (0) = 0:07;

but collapse inhibition does not occur until about h, = 2:3, and to match more closely the PDE's behaviour for
hy, = 0:14, hy = 5is usedin the ODE. For comparisonthe ODE amplitude data, 1=L is plotted in Fig. 2 as well
as the power surplus . This shows fairly good qualitativ e agreemen with the full solution of the PDE, with the
major discrepancybeing an underestimation of the radiation rate, requiring the deeper potential. In particular the
reduction of power in the inner region below the critical threshold is obsenedto be sharply the criterion for collapse
inhibition in both the NLSGP and the collective coordinates model.

I1l.  NUMERICAL RESUL TS ON RADIA TION FROM OSCILLA TING BEAMS

The main results here are a study of the obsened transverse structure of solutions, which are seento conform
gualitativ ely to the above theoretical model.
Se\eral obsenations can be made:

Width oscillation in trapp ed beams with near ground state form As shown in Fig. 3 for our \standard
case"h = 1:.95/h, = 0:14;w, = 0:5 (and for other casein [4, 5], when a potential preverts collapse or dis-
persal, the beaminstead has oscillations in width and height, and width amplitude pro les following roughly a
dilation pattern at small radii of the form

G0 GR L
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FIG. 2: Collective coordinates approximations with the seh approximation of the Townes soliton, L(0) = 1:4, L%0) = 0,
(0) = 0:07,wp = :5,hp = 5.
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FIG. 3: h= 1:95h, = 0:14,w, = 0:5] (t;:)j proles showing oscillations in Townes soliton form: rst height max solid, rst
min dotted, secondmax dashed, secondmin. dash-dot.

for an asymptically oscillatory width scaleL (t) and spatial pro le R somewhatcloseto the ground state R but
with power slightly below the critical value; and therefore potentially closeto stable bound states u(r;L) of
NLSP, at leastwhenL is small. This supports the approximation usedfor the inner region part of the collective
coordinate model.

Near null of intensit y separating inner and outer parts At ead minimum of beam width in an oscillatory
solution, the intensity drops very closeto zero at a \separation point" at approximately the potential's width,
as shown for our standard casein Fig. 4, where the three curvesat lower left are at the rst three minima of
beamwidth while the other two are at interveningwidth maxima. Fig. 5 showsthe samefor a beamwith higher
initial power, leading to considerably more power outside this separation point. In ead casethe intensity at
the separation point is lessthan onethousandth of its maximum.

Radiation Beyond the certral oscillating spike and this separation point, one obseneswavesradiating outwards, see
Fig. 6, carrying power well beyond the potential and spreadingto sud low intensities that nonlinearities are
unimportant, thus the self-focusing e ect will not refocus this power. Accordingly we nd that the radiation is
well described by the linear dispersion relation of the CSE, which at large radii reducesto ! = k2.



ly (tn)

0.025

0.02

0.015

0.01

0.005

FIG. 4: h= 1:95hp, = 0:14;w, = 0:5] (t;:)j proles: inner-outer separation, times asin Fig. 3.

IV.  CONCLUSIONS

Modifying the 2D focusing Cubic Schredinger Equation by the addition of a small attractiv e gaussianpotential
canin somecaseprevert singular wave collapsethat would occur for the sameinitial data without it, leadingto
an oscillatory inner part with lessthan the minimum power required for singularity formation, plus radiation.

The initial failure of singularity formation is qualitativ ely explained by the linear focusing due to the potential
occurring faster than the self-focusing collapse,leading to lessthan the critical power for collapseentering the
inner region while the rest is left outside the potential well.

Further from the potential, there is radiation at ead inward cycle of such oscillations, particularly the rst, and
this is also modelled via the lens transformation and a collective coordinates reduction, successfullypredicting
the main quartitativ e feature of beam width oscillations that decay somewhat, the power within the potential
well becoming sub-critical and hence preventing singularity formation, and power loss form the certral focus
through radiation at ead oscillation.

Singularity inhibition can occur with extremely narrow potentials, where the initial power outside the potential
region is itself above critical. It appearsthat initial self-focusing occurs with little a ect from the potential,
bringing this power into the potential region sothat the above mecanism can then act.
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FIG. 5: h= 21;hp = 348w, = 0:3,] (t;:)] with extreme splitting; j (t; 0)j = 115
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FIG. 6: h= 1:95hp, = 0:14,wp = 0:5<( ) vs. r at t = 5;10; 14:3 showing radiation
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