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Abstract

The self-focusingsingularity of the attractiv e 2D Cubic Schr•odinger Equation arises
in nonlinear optics and many other situations, including certain models of Bose-
Einstein condensates.

This 2D caseis very sensitive to perturbations of the equation and sosolutionscan
be regularizedin a number of ways. Here the e�ect of linear potentials is considered,
such ascould arisein modelsof optical �bres with narrow coresof di�eren t refractive
index, wave-guidesinduced in a nonlinear medium by another beam,and aspart of
the Gross-Pitaevskii model of Bose-Einsteincondensates.

It is observed that in critical dimension only, one can have inhibition of collapse
by attractive linear potentials, without dissipation, and that this can lead to a stable
oscillating beam, as opposedto the dispersion or dissipation seenwith previously
studied regularizing mechanisms.
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1 In tro duction

Self-focusingand wave collapsehasbeenextensively studied in the [attractiv e]
Cubic Schr•odinger Equation (CSE)
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@z

(z; x) = i [�  (z; x) + j (z; x)j2 (z; x)]; x 2 RD (1)

and variants, and good introductionscanbefound in the articlesof Rasmussen
and Rypdal [12,13]and Berge[1],and the book of Sulemand Sulem[16].(The
propagationvariable is hereincalledz, asin the principal caseof laserpropaga-
tion it signi�es position alonga beam.However note that in other applications
mentioned, it is time-like, so t is usedbelow where the physics demandsit.)
Somebackground on work that is more recent and more speci�c to the aims
of the current paper can be found in [9,10].The wide interest arisesbecause
the CSE is a genericmodel for the slowly varying envelope of a wave-train in
conservative, dispersive, mildly nonlinear wave phenomena.

In the analogy to the true Schr•odinger equation, the negation of the factor
multiplying  in the nonlinear term hasthe role of a self-inducedpotential, so
in the plus sign caseusedhere,this potential is attractiv e, leading to positive
feedback, self-focusingor wavecollapseand the possibility of singular collapse:
collapsecontinuing all the way to a [point] singularity in �nite time.

The CSE itself arisesin model of laserpropagation, while Bose-Einsteincon-
densatesare modelled by the Gross-Pitaevskii Equation, which simply
adds a linear attractiv e potential or \trap", usually modelled as a quadratic,
and dissipation terms:

@ 
@t

(t; x) = i [�  + j j2 + kxk2 ] � � j j2�  � 
  :

Bose-Einsteincondensatesare most commonly a 3D situation, but special
situations such as\pancake geometry" canrestrict the condensateto a surface
or quasi two dimensionalform, soD = 2 is alsoof interest.

When in laserpropagation oneaddsa central coreof higher refractive index,
the model gains an attractiv e linear potential: a squarewell for an abrupt
transition, but in the caseof gradedindex, a possiblemodel is a NLS equation
with Gaussianpotential (NLSGP):
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(z; x) = i [�  + j j2 � hpe�k xk2=(2w2
p )  ] (2)
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with sign hp > 0 for the attractiv e case.This equationcould alsoapply to the
nonlinearguiding e�ect of another Gaussianbeam;in the BEC case,replacing
the quadratic trap potential by a Gaussianis possiblya more realistic model
allowing that the force causingcondensation
attens out at large distances.

In this paper the dissipative termsof the GP equationarenot present, sincethe
interesting observations involve collapseinhibition in a conservative equation;
however adding them to simulations doesnothing but further help the collapse
inhibition.

Self-fo cusing singularit y formation in nonlinear Schr•odinger equations
has beenextensively studied since the physical phenomenonof self-focusing
was�rst reported by Chiao,Garmire andTownesin 1964[2] and the possibility
of singularcollapsewasprovenby Vlasov, Petritshev and Talanov in 1971[17].
Self-focusingis manifestedin solutionsof the CSEby the development of large
intensitiesand gradients in regionsthat must be proportionately small due to
conservation of power (L 2-norm squared);the collapsingspatial scaleleadsto
signi�cant challengesin numerical simulations as discussedbelow, and even
greater challengesfor experimentalists, making careful simulation important.

Physically, singularity formation will be prevented by the regularizing e�ect
of various phenomenaneglectedin the basic CSE model. For example con-
servative dispersion due to saturation of the nonlinear e�ect is particularly
important in laser propagation models [6] and dissipation is important in
plasmaphysicsand Bose-Einsteincondensates[9]. Here, in contrast, we study
a possibility of regularization by attractiv e potentials, without dissipating or
dispersingthe solution.

2 Self-similar singular solutions

For D � 2, Vlasov et al [17] showed that solutions will develop singularities
at some �nite value Z of the propagation variable when the energy H =
R
(jr  j2)=2� (j j4=4)dx, a conserved quantit y, is negative. On the other hand,

in the critical caseD = 2, global existenceis guaranteed with the power N =
R

j j2dx, another conserved quantit y, is lessthan a threshold Nc, explained
further below.

In the supercritical caseD > 2 there are explicit radially symmetric self-
similar solutions

 (z; r ) =
1

[K (Z � z)]1=2
exp
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wherer = kxk, K is a positive constant and Q(r ) is a solution of

�
�

Q00+
D � 1

r
Q0

�

+ Q � jQj2Q � iK (Q + rQ0) = 0; Q0(0) = 0: (4)

The existenceof suitable solutionsQ hasbeenshown by Kopell and Landman
[4] though only for D su�cien tly near 2, and the few known explicit singular
solutions and numerical solutions strongly suggestthat generically, singulari-
ties takesthe form of a singlepoint focusingsingularity, asymptotic to such a
solution.

Critical Collapse, \T ownes Solitons" and non-linear bound states.
In the critical caseD = 2 no such non-trivial singular solutions exist because
solutionsfor Q satisfyingthe boundaryconditionscanbeshown to haveK = 0
and then Eqn. (3) fails. However, there is a strong non-rigorousargument for
occurrenceof solutionsasymptotic to these,with the spatial pro�le Q replaced
by the socalled ground-state,the unique positive solution R0 of

�
�

R00+
1
r

R0
�

+ R � R3 = 0; R0(0) = 0 (5)

and with growth rate is faster by a log-log correction

s

ln ln
1

Z � z
; as shown

by leMesurier,Landmanet al [7,5]usinga limit of the supercritical self-similar
singular solutionsabove, and independently in a di�erent way by Fraiman [3].

The ground state R0 is at the threshold of collapsein several ways, having
H = 0 and N = Nc. It gives an important one-parameterfamily of steady
state solutions

 (z; r ) = ei�z R0(� 2r ) (6)

under the dilation rescalingsymmetry of the CSE.The nameTownessoliton is
sometimesusedfor the groundstate R0, but will herebe usedfor theserelated
steadystate solutions.Thesesolutionsare unstable:sinceR0 hasenergyH =
0, small perturbations can give H < 0 and hencesingular collapse.

On the other hand, it is at the borderline of stabilit y: Shatahand Strauss[15]
establishedthat a member of such a one-parameterfamily of steadystatessuch
as in Eqn. (6) is orbitally stable if and only if the power is strictly increasing
in the frequencyparameter � , whereasfor the Townessolitons it is of course
constant.
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Roseand Weinstein [14] have shown that when certain attractiv e potentials
areaddedto the 2D CSE,such familiesof steadystate solutionsexist, and this
orbital stabilit y condition is satis�ed on the entire family. Thesesteadystates
are constructed using bifurcation from \linear" bound states, of the (linear)
Schr•odingerequationwith the samepotential, and sosuch bound statesmust
exist for the nonlinear bound state to be guaranteed, irrespective of orbital
stabilit y. Once existenceis established,in the \narrow deep" limit � ! 1
these steady states are asymptotic to the above family of Townes solitons
steadystatesof the CSE. Thus Nc = kR0k2

2 is an upper limit on the power of
such steadystates.

In the present situation, for D = 2, their result applies to su�cien tly large
gaussianpotentials. Noting that by dilation rescaling,all Gaussianpotentials
with the samevalue of wphp are equivalent, existenceof linear bound states
is known to require wphp � const: � 0:5, whereascollapseinhibition and
oscillatory solutionswill be seenbelow also for far smaller potentials. (In the
super-critical caseD = 3, such steady states also exist, but orbital stabilit y
is at most guaranteed only for the \wide, shallow" limit � � 0 of the solution
family.)

3 Numerical Metho ds

To resolve solutionswell on the extremely �ne spatial scalesthat developnear
the focuswhile respecting boundary conditions, a modi�cation of earlier \di-
lation rescaling" methods [8,11,6,18]is usedhere.For the radially symmetric
case,the spatial variable r 2 [0; r max ] is related to a computational variable �
on a �xed grid by

r = f (�; l (z)) ; � 2 [0; 1]:

The transformedequation with linear potential V (x) is

 z = i �  + i j j2 + iV (r ) + (r l lz) r

Note that all derivatives of  including those in the Laplacian are still with
respect to the physical coordinate r , not � .

Choice of rescaling function. The transformation function should be
odd, increasing, achieve a desired scale length l near the focus by having
f � (�; l )j � =0 = l, and �x the outer boundary by having f (1; l) = r max . The
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form usedhere is f (�; l ) = l sinh(k(l)� ); wherek(l) is determinedby the con-
dition f (1; l) = rmax to �x the outer boundary.

Determining the length scale. The length scalel(t) is basedon the func-
tional

l � ( (z; :)) = C
R

j jjr  jD r D � 1dr
R

jr  jD +1 r D � 1dr
: (7)

This functional is designedto be convergent for all relevant values of D in
the presenceof the behaviour j j � r � 1 that develops as the singularity is
approached,and to be numerically stable(which simpler measurements at the
origin only are not).

Time discretization. To get stable, manageableimplicit time stepping
schemes,the evolution of l(t) is decoupledfrom the main evolution equa-
tion, determining its values through a time step before that step is started,
using

dl
dz

=
l �
n � l �

n� 1

tn � zn� 1
+

l �
n � ln

zn � zn� 1
; on [zn ; zn+1 ] (8)

wherel �
n = l � (zn ) etc.

The time discretization is then done by the implicit trapezoid rule due to
its good properties for conservative and Hamiltonian-form equationssuch as
nonlinear Schr•odingerequations.Note that a one-stepmethod is essential due
to the non-smooth time dependenceof the rescaling.The resulting nonlinear
systemis solved by a PC iteration on only the nonlinear,non-sti� terms. That
is, all linear terms of the nonlinear discrete system are expressedexactly at
each iteration.

Accuracy Checks. The NLS Equation has several conserved quantities
that can be usedto check the accuracyof solutions, in particular the power
N = k k2

2. Other functionals that are not conserved can be usedby deriving
evolution equationsthat canbe integrated,and the valueschecked againstthe
actual evolution. It is best to keepto functionals that do not involve spatial
derivatives, and here the evolution of the L 4 norm is also checked, and data
are discardedwheneither functionals' error exceedsan appropriate tolerance.
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Other checks are doneby comparingvarious re�nements of discretizationsin
the transverse and propagation variables, and corroborate the above func-
tional evolution tests: the stageof a run where the functional evolutions be-
comesinaccurate occurs no later than when the results with more re�ned
discretizationsshow comparabledeviations.

4 Numerical Results

All numerical results presented here are for gaussianinitial data of height h
and RMS width 1:  0 = he� r 2=2.

Collapse thresholds for Gaussian beams. To assessthe inhibition of
singular collapseby narrow attractiv e potentials, onemust �rst observe when
collapseoccurs in the unmodi�ed CSE, as theoretical results such as the suf-
�cient condition H < 0 for D � 2 and the necessarycondition N � Nc for
D = 2 only do not determine this completely. In the caseof gaussianinitial
data  0 = he� r 2=2 in critical dimension2, it is known only that blowup cannot
occur for h / 1:93 (since then N < Nc), and must occur for h > 2 (for then
the energyH is negative).

Experiments show that collapse to a singularity occurs for h above some
threshhold hc, dependent on dimension,with dispersionfor smaller h values.

For D = 2, hc � 1:95, for which power N � 1:02Nc and energyH � 0:009
(Fig. 1). [Hereand in all �gures, amplitude curvesthat go past the top of the
�gure represent strong evidenceof real blowup, speci�cally reaching well past
amplitude of 1; 000.]

For D = 3 onegetshc � 2:077,with energystill comfortably positive: H � 1:4
(Fig. 2).

2D case: inhibition of singular collapse by a small attractiv e poten-
tial. It is not surprising that for h ' hc, a small repulsive potential in the
NLSGP modi�cation can inhibit collapse.

For a narrow attractive potential in the NLSGP one might expect only an
accelerationof the collapse,and this doeshappen for su�cien tly small poten-
tials. However, with potentials narrower than the initial self-inducedpotential
of the initial data, increasinghp often causesthe eventual failure of this initial
focusing,with the peakdispersing(though typically refocusingat later times,
as discussedbelow.)
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Fig. 1. D = 2, threshold beam power for CSE collapse
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Fig. 2. D = 3, threshold beam power for CSE collapse

For example,in the near-threshholdcaseh = 1:95, this defocusingoccurswith
potential depth assmall ashp = 0:11 for the optimal width of about wp = 0:5
(Fig. 3). This should be comparedto the initial self-inducedpotential (minus
the intensity) which is a somewhatwider and far deeper gaussianof width
1=

p
2 and height 3:8025.

8



0

5

10

15

20

25

30

35

40

45

50

0 2 4 6 8 10

|y
(z

,0
)|

z

No Potential
hp=0.05
hp=0.10
hp=0.11
hp=0.12
hp=0.14

0

5

10

15

20

0 5 10 15 20 25 30 35 40

|y
(z

,0
)|

z

hp=0.12
hp=0.14

Fig. 3. D = 2, h = 1:95, wp = 0:5: collapseinhibition at small z, then oscillations
at larger z

Though this e�ect is most pronouncedwhen the beam power is just a lit-
tle above the threshold for collapse, it persists at least until the power is
30%above threshhold,with the smallestinhibiting potential becomingrapidly
stronger and slowly narrower as h increases.Table 1 gives the shallowest in-
hibiting gaussianpotential found for a range of initial data. As the prod-
uct wphp must be about 0.5 or greater for the potential to support a Rose-
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h 1.95 2 2.1 2.2 2.5

hp 0.15 1.25 3.46 7 20

wp 0.4 0.35 0.3 0.2 0.15

hpwp 0.06 0.44 1.04 1.4 3
Table 1
Shallowest potentials inhibiting collapse for various initial data: someare far too
small for the existenceof steady states to be guaranteed.
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wp=0.3,hp=3.48

Fig. 4. Collapseinhibition for potentials of various widths and depths, h = 2:1

Weinsteinnonlinear bound state, it is clear that collapseinhibition can occur
in the absenceof such a bound state. On the other hand, it is possibly note-
worthy that the point at which the initial data attains the negative energy
condition for guaranteed collapse(h = 2) is somewhatcloseto the level at
which collapseinhibition occurs only for potentials with a nonlinear bound
state.

The above e�ect seemsto be truly a critical dimensionphenomenon;no such
collapseinhibition is seenin 3D NLS even for gaussianinitial data only very
slightly above the threshold for collapse,even when very large attractiv e po-
tentials of various widths are tried (Fig. 6).

Spatial structure of 2D collapse inhibition. Spatial crosssectionsof
the solution amplitude at various times in caseswith an inhibiting potential
can be comparedto thosefor a collapsingsolution of the CSE with the same
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Fig. 6. Super-critical in dimension 3, h = 2:077: no inhibition of collapse

initial data (Fig's 7,8,9 for h = 2:1; wp = 0:3; hp = 3:48), and suggesta likely
mechanism for the inhibition.

The potential acceleratesthe initial focusingof the part of the power distribu-
tion inside its well, but the resulting spike haslessthan critical power Nc and
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Fig. 7. Evolution of transverse structure, at z values close to successive peaks
and troughs of focusing intensity: within the potential, oscillatory dilation close
to Townessoliton form. h = 2:1, wp = 0:3, hp = 3:48
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Fig. 8. As above but for radii going well beyond the potential width wp: small
dispersive waves from each oscillation
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Fig. 9. As above, at small radii and low amplitudes: the near zero amplitudes for
r � 0:2 � (2=3)wp at each focusing peak indicate almost complete separation of an
inner peak trapp ed in the potential from the radiating outer part free of potential.

is more or lessseparatedfrom the remaining \mass", so essentially evolves
on its own: as for a solution with total power lessthan Nc, it can and does
collapseto a �nite degreebut then disperses.

In this example,the intensity at the centre decreasesalmost to its initial value
(Fig. 7), but there is still a peaktrappedin the potential well (Fig's 8,9), which
then refocuses,producing a secondfocusingpeakof somewhatlower intensity.

In other casesseenin Fig's 3 and 5, the secondfocusis far closerto the �rst in
intensity and the solutionsexhibit a sustainedoscillation betweenfocusingand
defocusing.The absenceof any dissipation, or of any dispersive term (indeed
there is a small attractiv e nonlineare�ect outsidethe corethat focuses)allows
the massto retain coherencein somecases.

Thus beamscan be constrainedbetweensingular collapseand broad disper-
sion.This could be potentially useful in controlling and guiding beamsof high
intensity or in highly nonlinear optical media.

As a �nal note, the dispersion of the focusingspike seemsmore or lesscom-
plete at each oscillation, and so the time scaleof the subsequent refocusings
is comparableto that of the original: this should be contrasted to the situa-
tion with dissipative regularizationsof the CSE studied in [9] and [10], where
the amplitude and phasestructure supporting power 
ux towards the origin
survived the collapseof the focus, leading to successive refocusingsfar more

13



rapid than the original one.

5 Conclusions

� Modifying the focusing Cubic Schr•odinger Equation by the addition of a
small attractiv e gaussianpotential can in somecaseprevent singular wave
collapsethat would occur for the same initial data without it. This has
potential applications to modelsof nonlinear laserpropagation in the pres-
enceof wave guides,dueto either dopingof the medium,or interaction with
another \guiding beam".

� This phenomenonis unique to the critical dimension of 2, where there is
a minimum beam power neededfor a solution to collapse;and collapse
inhibition is most e�ective (occurs for smallestpotential) when the power
is only slightly above this threshold. However, inhibition still occurs when
the power is signi�cantly above the two thresholdsfor both the possibility
and the guarantee of collapsein the CSE.

� Collapseinhibition is in generalfollowed by oscillations,rather than disper-
sion or dissipation, aswith most previously regularizing mechanisms.Thus
in applications such as wave guides(�bres with coresof higher index), the
phenomenoncould be usedto stabilize transmissionsof intensebeams,in
situations wherethe highly nonlinearbehaviour of such beamsis interesting.

� Further from the potential, there is radiation at each inward cycle of such
oscillations,particularly the �rst; this could be a mechanism by which the
power remaining in the central, potential, regiondropsbelow the minimum
neededfor collapse.

� A mechanismfor the oscillationsis lessclearhowever. In particular, collapse
inhibition and oscillation canoccur in caseswherethe potential is too small
to sustain a bound state of the underlying linear Schr•odinger equation, so
that the orbitally stable steadystatesfound by Roseand Weinstein[14]are
unlikely to exist.
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