Curvefitting How-to

by W. Garrett Mitchener

This workshee oesover_traditionallinearandnonflinear_ieastsquaresuryefitting\ anddifferent
waysto doit in Mathematica. It alsogoesovermaximumlikelinood curvefitting. Along theway,
it showsdifferentfunctionsfor finding maximaandminimaof expressions.

Least squaresand linear regression

Let's say you have somedata{(x;, y1), (X2, ¥2) ..., and you want to fit a curve to it so that you can say
y = f(X) + noise.

To illustrate,let's createsomenoisydata:

data =Tabl e[{X, 2Xx +3 + Random[Real , {-1, 1}1]},
{x, -5, 5, 0.25}]

5, -6.04965), {-4.75, -5.58767}, {-4.5, -5.44105},
4.25, -5.25967}, {-4., -5.47726)}, {-3.75, -4.88052)
3.5, -3.26153}), {-3.25, -3.062}, {-3., -3.82822}
2.75, -3.44486}, {-2.5, -1.39979}, {-2.25, -1.15936)
~2., -1.82715}, {-1.75, -0.0717861}, {-1.5, 0.468823},
1
0

{

.25, 1.19398)}, (-1., 1.5513}, (-0.75, 1.52568},
.5, 1.61352), {-0.25, 2.51395), (0., 2.09272},

{0.25, 2.83461), {0.5, 3.05718}, {0.75, 4.07795}, {1., 4.14236)},
(1.25, 4.92228}, {1.5, 5.49823}, {1.75, 6.83762}, {2., 7.61963],
(2.25, 8.30281}, {2.5, 7.75976}, {2.75, 9.39962}, {3., 9.44785},
(3.25, 10.2477}, {3.5, 10.1595}, {3.75, 10.059}, (4., 11.275},
(4.25, 10.8195), {4.5, 12.6907}, {4.75, 12.365}, {5., 13.7237}}

{
{
{
{
{
{
{
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poi nt Pl ot =ListPl ot [data, Pl otStyl e - PointSize[0.025]]
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In Mathematica, theFi t functiontakesa list of points,a list of expressionsanda list of independenvariables,
and determinesvhich linear combinationof the given expressionproduceghe bestfit to the data. If you want
to fit aline to the data,your list of expressionshouldconsistof 1 andx, sincealine is a linearcombinationof a

constantanda multiple of x:

lineFit =Fit [data, {1, x}, X]

3. 05974 +1.9935x

linePlot =Plot [lineFit, {x, -5, 5}]

10¢

- G aphi cs -
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Show[poi nt Pl ot, |inePl ot ]

- Graphi cs -

And you canseethatwe’ve moreor lessrecoveredhe3 + 2 x thatwe usedto createthe datain thefirst place.

You canalsodo moreinterestingthings:

data2 = Tabl e[ {X, Sin[x] + Random[Real ,
{x, -5, 5, 0.25}]

{-0.25, 0.25}1},

({-5, 1.03237}, {-4.75, 1.01859}, (-4.5, 1.19029}, {-4.25, 1.05274},
(~4., 0.746595}, {-3.75, 0.576567}, {-3.5, 0.419058)
{-3.25, 0.230351}, {-3., -0.256899}, {-2.75, -0.501214}
{-2.5, -0.364602}, {-2.25, -0.560824}, {-2., -0.975778),
{-1.75, -0.79348}, {-1.5, -1.23853}, {-1.25 -1.0937},
{-1., -0.844869), {-0.75, -0.781019}, {-0.5, -0.360202},
{-0.25, -0.210867}, {0., -0.0832628}, {0.25, 0.225342},
(0.5, 0.382401}, {0.75, 0.78725}, (1., 0.934763}, {1.25, 1.15762},
(1.5, 0.937709}, {1.75, 1.18185}, {2., 0.762797}, {2.25, 0.731705)
(2.5, 0.720411}, {2.75, 0.20737}, {3., 0.360398}, {3.25, -0.285011}
(3.5, -0.212714}, (3.75, -0.713101}, (4., -0.721044},
(4.25, -1.01231}, {4.5, -0.848428), (4.75, -1.24612}, (5., -1.16977})
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poi nt Pl ot 2 = Li st Pl ot [dat a2, Pl ot Styl e » Poi nt Si ze[0. 025]]
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- Graphi cs -
Forinstancethisfits aseconddegreegpolynomialto thedata:
poly2fit =Fit [data2, {1, X, x"2}, X]
0.0168822 - 0. 0792803 x - 0. 000863356 x>
Pl ot [pol y2fit, {x, -5, 5}]
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- G aphi cs -

Not avery goodfit, isit? It doesn’thavenearlyenoughbumps. Let’s try somethinchigherdegree.
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pol y5fit =Fit [data2, {1, x, x"2, x*3, x4, x"5}, x]

-0. 00380876 + 0. 870284 x + 0. 00704091 x? -
0. 11371 x® - 0. 000351999 x* + 0. 00285105 x°

pol y5pl ot =Pl ot [pol y5fit, {x, -5, 5}]
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- Graphics -

Thatlooksalot better. | knewto guesss for the degreebecausehe datagoesthroughfour extrema.

Show[pol y5pl ot, pointPl ot 2]
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But don’t getcarriedaway. If you give it too many degreesof freedom,it will startto fit the noise,asin this

example:
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power Tabl e = Tabl e[x”n, {n, 0, 25}]

{1, x, x2, x3, x*, x5, x5, x7, x8, x2, x

10 11 12
1 X ’ X 1
Xl3, X14, Xl5l X16, Xl7, X18, X19’ X20, X21, X22, X23, X24, X25}

pol y25fit = Fit [dat a2, powerTabl e, x]

— GCeneral::spell : Possible spelling error: new synbol nane "pol y25fit" is
sinmilar to existing synbols {poly2fit, poly5fit}. More...

. 0240747 + 0. 736313 x + 0. 059761 x2 + 0. 670674 x3 + 0. 142823 x* -

. 690569 x° - 0. 260176 x® + 0. 303735 x” + 0. 152971 x® - 0. 0858424 x° -

. 0457667 x1° + 0. 0167881 x'! + 0. 00808788 x2 - 0. 00228625 x13 -

. 000904123 x4 + 0. 00021515 x!° + 0. 0000657761 x6 - 0. 0000138214 x17 -
.1092x10°° x18 + 5.92366 x 1077 x19 +9.21323x10°® x20 - 1.61591 x10°8 x21
. 55495 x10°° x22 1 2. 53384 x 10719 x23 1 1. 1405 x 101! x24 _ 1. 73697 x1071? x25

P W OoOOO0oOOo

Pl ot [pol y25fit, {x, -5, 5}]

- G aphi cs -
You canalsodo moreexoticthings:

cos3fit =Fit [data2, {1, Cos[x], Cos[2x], Cos[3X]}, X]

0. 00558514 - 0. 017702 Cos [x] - 0.00138422 Cos [2 x] + 0. 0215951 Cos [3 X]
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Pl ot [cos3fit, {x, -5, 5}]

0.03;

0.02;

- Graphi cs -

but that doesn’tlook right somehow. In fact, | getvastly different plots everytime | run this worksheetwhich
indicatesthatthe randomnoiseaddedto the datais havinga hugeimpacton the cosinefit, which isn’t the case
for the fifth degreepolynomial. That indicatesthat thesecosinesare not a good way to fit this data. (Think
aboutit: Why?) Thefirst stepto gettinga goodfit is to know whatfunctionsto include.

m Detailson howFit works.

ThewayFi t worksis calledleastsquaresbecausét minimizesthis:

n
DX 1 -y)?
1

j =

In Mathematica notation

Least Squar esError [data_, f_]: =
Sum[ (f [data[[j, 111] -data[[j, 211)"2, {j, 1, Length[data]}]

Let's returnto our lineardata.

5, -6.04965), {-4.75, -5.58767}, {-4.5, -5.44105},
4.25, -5.25967), {-4., -5.47726)}, {-3.75, -4.88052},

3.5, -3.26153}, {-3.25, -3.062}, {-3., -3.82822},

2.75, -3.44486), {-2.5, -1.39979}, {-2.25, -1.15936},

2., -1.82715}, {-1.75, -0.0717861}, {-1.5, 0.468823},

1.25, 1.19398)}, (-1., 1.5513}, (-0.75, 1.52568},

0.5, 1.61352}, {-0.25, 2.51395}, (0., 2.09272},

{0.25, 2.83461}), {0.5, 3.05718}, {0.75, 4.07795}, {1., 4.14236)},
(1.25, 4.92228}, {1.5, 5.49823}, {1.75, 6.83762}, {2., 7.61963],
(2.25, 8.30281), {2.5, 7.75976}, {2.75, 9.39962}, {3., 9.44785),
(3.25, 10.2477}, {3.5, 10.1595}, {3.75, 10.059}, (4., 11.275},
(4.25, 10.8195), {4.5, 12.6907}, {4.75, 12.365}, {5., 13.7237}}

{
{
{
{
{
{
{
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Here’showto definea generaline function:
lineFunction[x_]=ax + b

b+ax

To fit thisline to thedata,we needto determinea andb suchthattheerroris minimized.

Mathematica hasseveralfunctionsfor finding the minimum of an expression.They all work a little differently.
The M ni mi ze functionworksalgebraically:

m nSol uti on =M ni m ze[Least Squar esError [data, |ineFunction], {a, b}]

(15.3329, {a—1.9935, b 3.05974})

Theresultis alist {min, argg wheremin is the minimumvalueit found,andargsis a rule table. Here’show to
usearuletable. First,justsowe’re clearon what'sgoingon, we’'ll unpackthelist returnedoy M ni mi ze.

{mn, args} = m nSol ution

— General::spelll: Possible spelling error: new
symbol name "min" is simlar to existing synbol "Mn". More...

(15.3329, {a - 1.9935, b 3.05974}}

Thatdefinedmin to bethe minimumvalue,andargs to betherule tablegiving the valuesof a andb:
args
{a—1.9935, b 3.05974)

This wasthefunctionwe weretrying to fit:

|l i neFunction[x]

b+ax

And we canconnecthe generafunctionto the specificvaluesof a andb by usingthe/ .
operator. (You canalsousetheRepl aceAl | function. The/ . isshort—handor Repl aceAl | \)

I i neFunction[x] /. args

3. 05974 +1.9935x

Repl aceAl | [l i neFunction[x], args]

3. 05974 +1.9935x

If youwantto defineafunctionrepresentinghefit:



CurveFittingHowTo.nb

fittedFunction[x_] =IlineFunction[x] /. args

3. 05974 +1.9935x

fittedFunction[3.5]

10. 037

The M ni ni ze function works algebraically,which meansit sometimesloesn’'tdo quite whatyou'd like. It
generallyworks well on polynomial problems but if you give it a nastyenoughtrancendentaproblem,you’re
out of luck.

Mnimze[Exp[-x"2] + EXp[ (X -2)"2], X]

>2

M nini ze[e2)" + e, x|

So,sometimegou getbetterresultsworking just numerically. Forthat,try NM ni m ze .

. . 2
NM ni mi ze[e('z*x) re X, X]

(1.01712, {x - 2.03261}}

Here’sour linearleastsquaredit again:

NM ni m ze[Least Squar esError [data, |ineFunction], {a, b}]

(15.3329, {a—1.9935, b 3.05974})

Anothernumericalfunctionis Fi ndM ni num which usesa differentnumericalalgorithm. You haveto specify
a startingpoint for eachunknownvariable.

Fi ndM ni mum[Least Squar esError [data, |ineFunction], {{a, 1}, {b, 1}}]

(15.3329, {a - 1.9935, b 3.05974}}

TheFi t function doesexactlythis sameminimizationconceptually but it only works if the fit function looks
like

fx]=arfi[x]+axfo[x]+... +a,fn[X]

andthea;, ap, ...a, arethe only unknowns. This is the traditionalmethodof curvefitting (predatingmodern
computerghat cando more powerful techniquesaimostasfast) becausef f hasthis form, you cantakea short
cut from linear algebraand do the computationvery quickly. Otherwise the minimizationcanbe computation
ally intensiveandmay getstuckat alocal minimuminsteadof finding the globalminimum.
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Non-linear leastsquares

m The linearization method

To do non-linearcurvefitting with leastsquarestherearea coupleof alternatives.Oneis to linearizethe data

first, thenproceedusingFit.

As before, let's makeup somenoisy datato play with. It's basically4 x?>2 with noiseaddedto the coefficient

andtheexponent.

nonl i near Dat a = Tabl e[ {Xx,

(4 + Random[Real , {-1, 1}]1) x”" (2. 2 + Random[Real ,

{x, 1, 10, 0.25}]

({1, 4.92824}, (1.25, 6.35181},
(1.75, 14.8502), (2., 18.9945},
(2.5, 25.4874), {2.75, 41.9887},

(1.5, 9.8858)],
(2.25, 28.5018},
(3., 35.6793),

{-0.05, 0.05}1)},

(3.25, 51.3869}, {3.5, 67.6365), {3.75, 69.2924), {4., 91.3692},
(4.25, 73.4505), {4.5, 95.8571}, {4.75, 110.006}, {5., 164.822},
(5.25, 154.05}, (5.5, 169.333)}, {5.75, 222.831}, (6., 207.939},
(6.25, 201.619), (6.5, 273.774}, ({6.75, 294.59}, (7., 347.873),
(7.25, 375.263), (7.5, 332.254}, {7.75, 346.179}, (8., 436.014),
(8.25, 332.709}, {8.5, 441.831), {8.75, 456.313), {9., 561. 909},
(9.25, 652.596}, {9.5, 491.78), ({9.75, 460.075}, {10., 518.81}}

nonl i near Poi nt Pl ot =

Li st Pl ot [nonl i nearData, Pl otStyl e - PointSize[0.025]]
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- Graphics -

We'd like tofit thisto a powerfunctionandfind a andb.

power Function[x_] =ax”"b

axb

10
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But we can’t useFit, becausehe unknownsaren’tin theright place. So,we linearizethe datafirst. Assuming
the powerfunctionis correctfor our data,we cantakethelogarithm,andgetsomethingn theright form for Fit:

Log[y] =Log[axP] =Log[a] +Log[xP] =Log[a] +b Log[x]

So eventhoughour (%, y) datais notin the right form for Fit, it turnsout that(Log[x], Log[y]) is in the right
form. Here'sanincantationto linearizethe data. Thetrick is that/ . canapplyrulesthatinvolve patterng(see
the Mathematica book 2.5 ), sothis next commandooks at nonlinearDat andreplacesanythingthatlooks like

{x, y} with {Log[x], Log[y]}.

As in function definitions, the _ on the x andy indicatesthat theseare pattern

variables. Withoutthe _, Mathematica will think you meanto replaceonly stuff with the symbolsx andy. And
you don't usethe _ontheright handsideof therule or in afunctiondefinition, only on theleft.

linearizedData =nonlinearData /. {x_, y_} - {Log[x], Log[y]l}

({0, 1.59498},

(0. 405465, 2.2911},
{0. 693147, 2. 94415},
{1.0116, 3.7374),
(1.25276, 4.21415},
(1.44692, 4.29661},
(1.60944, 5.10487},
{1.7492, 5.40641},
(1.8718, 5.6123),

(1.981, 5.92763},

(2.07944, 6.07767},
(2.16905, 6.12318},
(2.25129, 6.19803},

{0. 223144, 1.84874},

(0. 559616, 2.69801},
(0.81093, 3.34997}, ({0.916291, 3.23818)
(1.17865, 3.93938},
(1.38629, 4.51491),
(1.55814, 4.70053},
(1.70475, 5.13187}.

(1.09861, 3.57457},
(1.32176, 4.23834),
{1.50408, 4.56286),
(1. 65823, 5.03727},

(1.79176, 5.33724), (1.83258, 5.30638},

(1. 90954, 5.68558)}, {1.94591, 5.85184},

(2.0149, 5.8059}, {2.04769, 5.84696),

(2.11021, 5.80727}, {2.14007, 6.09093},

(2.19722, 6.33134}, {2.22462, 6.48096},

(2.27727, 6.13139}, {2.30259, 6.25154})

I'i neari zedPoi nt Pl ot =
Li st Pl ot [l i neari zedData, Pl ot Styl e » Poi nt Si ze[0. 025]]
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- Graphics -

Now we canuseFit:

logFit =Fit[linearizedData, {1, | ogx}, |ogx]

1.44227 + 2. 16518 | ogx
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logFitPlot =Pl ot [logFit, {logx, 0, 4}]

10+

- Graphi cs -

Show[l ogFi t Pl ot, |inearizedPoi nt Pl ot ]

10+

- Graphi cs -
And you canseethatthis is pretty closeto 4 x22 :

nonlinearFit [x_] =Exp[logFit /. logx -» Log[x]]

4. 2303 x2 16518
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nonlinearFitPl ot =Pl ot [nonlinearFit [x], {x, 0, 10}]

600+
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- Graphi cs -

Show[nonl i near Fi t Pl ot, nonl i near Poi nt Pl ot ]
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- Graphi cs -

m The direct leastsquaresmethod

Since Mathematica can directly minimize various expressionswe can also skip the linearization step and
minimizetheerrordirectly:

directFitSolution=
M ni mi ze[Least Squar esError [nonl i near Dat a, power Function], {a, b}]

(67653.3, {a-6.67436, b 1.94624}}
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directFit [x_] =powerFunction[x] /. directFitSolution[[2]]

6. 67436 x1 94624

directFitPlot =Plot [directFit [x], {x, 0, 10},
Pl ot Styl e - Dashi ng[{0. 05, 0.05}11]

600+
500! y
400" /
300! Y

200! -

100/ ~

- Graphics -

Show[di rect Fit Pl ot, nonlinearFitPl ot, nonlinearPointPl ot ]
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- G aphi cs -

And you shouldbe ableto seethatthe functionfound by the linearizationmethodisn't quite the sameasthe one
found by thedirectmethod:

{nonlinearFit [x], directFit[x]}

(4.2303 x2 16518 G 67436 x1- 94624
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Both functionsare actuallythe optimumfit to the data,but underdifferent notionsof distance. And noticethat
neither one is exactcomparedto what we startedwith. For example,here’swhat | got on one run of this
worksheet:

{3.5498 x2: 27148 1 3 (0792 x 234363

Sincethe datasetis constructedvith randomnoise,the resultswill bea little differenteachtime yourunit. But
neitherof thesegivesback4 x?2 exactly. (Think aboutit: Shouldthey?) And which curveis "better"?

This contentionbetweenthe resultsillustratesthe fundamentakonceptuabproblemsin curve fitting: (1) Guess
the appropriatdorm of the function. (2) Determineanappropriatenotion of "distance"betweerthe curveandthe
datato minimize.

Maximum likelihood

An alternativenotion of distancethat is appropriatefor modeling changingprobabilitiesis likelihood. This
notion assumeshat the datais of the form y; = f(x;, wj; a, b, ..) wherex is anindependenvariable,suchas
distanceor time, w; areindependentandomnumbers,anda, b, ... are the parametershat we want to find.
Then, the likelihood of the datais the probability of getting exactly they;’s. The curvefit procedureis to
determinevaluesof the parametersuchthatthelikelihood of the datais maximal.

As anexample let's supposene havea biological experimenthat succeedsr fails, for example gettingbacte
ria to accepta fragmentof DNA. Let’'s supposethat the probability of successdependson temperaturex.
Furthermore let's supposethat we have someknowledgeof the biochemistryinvolved that tells us that the
probability of successs actuallyan exponentiafunction: p[x] = e~2*® wherea andb areunknown. We are
givenresultsfrom experimentsun at differenttemperaturesandthey aresimply givenassucces®r failure, and
ourjobisto find a andb.

First, let's inventsomedata,usinga = 0.02 andb = -5.

pSuccess[x_, a_, b_1 =Exp[-a (x-b)]

(efa (-b+x)

Randomreturnsa randomnumberbetweerD and1, sothetestRandon{] < p returnsTruewith probability p
and Falsewith probability 1 — p, so we canuseit to simulateour experiment. We'll also assumethat this
experimentis fairly expensiveandtime consumingsowe can’trun zillions of experiments.

runExperinment [x_, a_, b_]:= (Random[] < pSuccess[x, a, b])

bi oExanpl eDat a = Tabl e[ {x, runExperi nent [x, 0.025, -5]1},
{x1 0! 80! 2}]

{{0, True}, {2, True}, {4, True}, {6, True}, {8, True}, {10, True},
{12, Fal se}, {14, Fal se}, {16, True}, {18, True}, {20, True},
{22, True}, {24, True}, {26, True}, {28, Fal se}, {30, Fal se},
(32, True}, {34, False}, {36, True}, {38, True}, {40, True},
{42, Fal se}, {44, True}, {46, False}, {48, Fal se}, {50, Fal se},
{52, Fal se}, {54, Fal se}, {56, Fal se}, {58, True}, {60, Fal se},
{62, True}, {64, Fal se}, {66, False}, {68, False}, {70, True},
{72, Fal se}, {74, Fal se}, {76, False}, {78, Fal se}, {80, False}}

Here’'sawayto plot thatdata. Do you seehow this commandwvorks?
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Li st Pl ot [bi oExanpl eData /. {True - 1, Fal se » 0},
Pl ot Styl e - Poi nt Si ze[0. 025]]

1000000 000000 © 000 © ( N J [ ]
0. 8¢
0.6¢
0.4
0.2
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- Graphics -

The datawe haveisn't points(x, p[x, a, b]) which is what we’'d needto do traditional curvefitting. In other
words,we wantto fit a curvebutwe don’t havepointsfrom the curveplus noiselike we did in earlierexamples;
we havesomethingelseentirely. Intuitively, it seemsmpossiblefor leastsquarego give anythingusefulfor this
type of data,so instead,we do maximumlikelihood. The experimentsare independentso the probability of
getting all this datais the productof the probabilitiesof gettingeachpoint. But the probability of gettingeach
pointdepend®na andb.

l'ikelihood[data_, a_, b_]:=Product [
| f [data[[j, 211,
pSuccess[data[[j, 1]], a, bl,
1 -pSuccess[datal[[j, 111, a, b]],
{j, 1, Length[data]l}]

Sofor example:

I'i kel i hood[bi oExanpl eData, 0.001, -4]

3.212x1072%8

|'i kel i hood[bi oExanpl eData, 0.02, 2]
3.57x10%

Thesearetiny numbersandthatcausedroublewith the numericalmaximizationprocesssoinsteadof maximiz
ing thelikelihood, we maximizethelog likelihood (Think aboutit: Why canwe do this?)

We coulddo this, butthenMathematica will computethattiny likelihood, thentakethelog.

| ogLi kel i hoodl[data_, a_, b_]:=Log[likelihood[data, a, b]]

A betterway to computethe samething is to expandthe log of the productinto a sumof logs. I'll do this
computatiorusingdifferentnotation:
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| ogLi kel i hood[data_, a_, b_]:=Total [
data /. {x_, success_} - |f [success,
Log[pSuccess[x, a, b]],
Log[l - pSuccess[x, a, b]]11]

Justto checkthatwe did this right, theseshouldbethe samenumber;

Log[l i kel i hood[bi oExanpl eData, 0. 001, -4]]
-63. 3055
| ogLi kel i hood [bi oExanpl eDat a, 0.001, -4]

-63. 3055

Here’sthefirst try at runningthefit:

Maxi m ze[{l ogLi kel i hood[bi oExanpl eData, a, b], a >0}, {a, b}]
Maxi m ze [

{Log[e @@ ] +Log[e?™P ] +Log[e?®P) ] +Log[e? @ ] +Log[e
Log[e?@16D) 1 1 og[e? 8D | Log[e? 0P ] 4 Log[ i
LOg [(e—a (24-b) ]+ LOg [(e—a (26-b) ]+ LOg [(e—a (32-b) } n LOg[ (36-b) ]+
Log [e—a (38-Db) ] +Log [e—a (40-b) ] +Log [e—a (44-b) J N Log[ (58-b) ]+
Log[e @201 1 0og[e? 7P ] 4 Log[e??] +Log([1 a(12-b) q
Log[l-e?@4® ] log[l-e?@@8P) ] Log[l-e? <3O’b) ]+
Log[l-e?2B4D) | Log[l-e@®2P ] log[l-e@®D) ],
Log[l-e?@8D ] Log[l-e?@®0P ] log[l-e?®®2P) ],
Log[l-e?2®4bD | Log[l-e?@®6P) ] |og[l-e?d®0D) ],
Log[l-e?2®*D | log[l-e?@®6D ] log[l-e?®8D) ],
Log[l-e?2(2® | Log[l-e?@ P ] log[l-e?@ (6D ]
Log[l-e? (8D ] Log[l-e?®P ] a0}, {a b}]

lOb)]+

Which meanst couldn'tsolvethe problemalgebraically. So, let’s try thenumericalmethods:

NMaxi m ze [l ogLi kel i hood [bi oExanpl eData, a, b]l, {a, b}]

— NMaxim ze::nrnum: The function val ue -1524.76 - <«<18> i

is not a real number at {a, b} = {-0.936293, «<20>-1}. More...
NMaxi m ze [Log[e” 2b]+Log[‘ - ]+Log[ 6b>1+
Log[e?®P ] Log[e lOb]+Log[ a(16-b) 1, Log[e 18b>]+
Log[e@ (0P ] 4 Log[e?® 2P | . Log[e?d P |+ Log[e? (?6-D) ],
Log[e @2 1, og[e? @D ], Log[e? 8P ] Log[e?d 0D,
Log[e™@ (44-D) +Log[<e (58-b) 1 +Log[<e (62-b) 1 | L og[e® (70-D) ] 4
Log[e??] + Log[1 a2-b) 1, Log[l a(4-b) 1, Log[l-e? (28D
Log[l - e@(30-0) 7, Log[l e @ (34-b) Log[l - g @ (42-b) ] + Log[l
Log[l-e?™8b ] Log[l-e?@®0P ] log[l-e?®2P ] Log[l
Log[l-e?@®%DP) ] log[l-e?®0P ], Log[l-e?®4D) ] log[l
Log[l1-e?2®8D) 1 log[l-e?@ 2P ] log[l-e? 4P 74
Log[l-e? %P 1 Log[l-e?@ 8D ] sLog[l-e?®P) ] ra by}]

You probablygot an errormessagegitherthatan overflow occurredor thatit gota complexnumbersomewhere
alongtheway. ThatmeanghatNMaxi mi ze is trying valuesof a andb thatyield logs of negativenumberspr
perhapdog of 0. Let's usethe constraintfeatureof NMaxi mi ze to give it someadditionalhints: We askit to
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maximize the log likelihood, but subjectto somereasonableconstraints. We know the exponentialshould
decreas@sx increasessowe addin a > 0.

NMaxi m ze[{l ogLi kel i hood [bi oExanpl eData, a, b], a >0}, {a, b}]

{-21. 2748, {a—-0.0277435, b ->7.11101}}

Sometimesthat works, sometimesit doesn’t,dependingon what randomnumbersappearedn our simulated
experiment.Let's try Fi ndMaxi numsinceit takesa startingpoint.

Fi ndMaxi mum[l ogLi kel i hood [bi oExanpl eData, a, b], {{a, 0}, {b, -1}}]

— Fi ndMaxi mum : nnum:
The function value Indetermnate is not a number at {a, b} = {0., -1.}. Nore...

Fi ndMaxi mum[l ogLi kel i hood [bi oExanpl eData, a, b], {{a, 0}, {b, -1}}]
Thatprobablydidn’t work becausave getsomethindike Log[0] somewheréf we startata = 0.

Fi ndMaxi mum[l ogLi kel i hood [bi oExanpl eData, a, b], {{a, 0.01}, {b, -1}}]

— Fi ndMaxi num: 1 stol :
The |ine search decreased the step size to within tol erance specified by
AccuracyGoal and PrecisionGoal but was unable to find a sufficient
increase in the function. You may need nore than Machi nePreci sion

digits of working precision to nmeet these tolerances. More...

(-21.2748, {a >0.0277435, b >7.11101})

This is prettygood,at leastthetime | ranit. Sometimegou haveto pokearoundwith differentstartingpointsto
get reasonableesults. Thereare also zillions of options,and you can spendlots of time playing with them,
tweaking the numericalmethod,but unlessyou’re desperater know what all the tweaksmean,doing that is
oftenawasteof time.

The resultisn’t perfect,but it hasa definite interpretation: Thesevaluesfor a andb arethe onessuchthatthe
probability of gettingour observationss maximal. And they're reasonablycloseto the exactanswerwhich is
greatgivenhow little informationour dataacutallycontains.



