CuspCatastrophé&low—-to

by W. Garrett Mitchener

In thisworksheet] illustratenowto %enera_tea bifurcationdiagramfor atwo—parametedynamical
systemin onedependenvariable. The particulartypesof bifurcationsthatcanhapperform what's
calledacusp catastrophe. This worksheeshowsseveralwaysto generateéhe cusppicturethat
illustrateswhathappens.

Setup
Let's work with thedynamicalsystengivenby:

X =h+r x-x3

First, here’showto definea functionfor theright handside:
fix,r_,hil=h+rx-x"3

h+rx-x38

First method: Solve for fixed point collision directly
Fixed points happenwhen x == 0, and bifurcationshappenwhen fixed points collide (andin other situations).
But look whathappensvhenwe try to solvefor thefixed points:

fps =Solvel[f [x, r, h] =0, x]
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Thoseexpressionsire pretty nasty,andyou can't tell which rootsarereal or complex. Don't let thei's in those
two lower expresssionfool you. The squareroots may generatecomplexnumbersdependingonr andh that
canceloutwith thei’s ontop. Forthe moment,supposédhat’snotaproblem. Now imaginetrying to settwo of
theseequalandsolvefor r andh:

Solve[(x /. fps[[1]]) = (x /. fps[[2]]), h]

h 2r 3/2 h 2r 3/2

- - — 1, - —

t 343 343

We got lucky: That'sthe right answerandthe computerdidn’t crash.l don’t recommendhis methodbecauséf
your dynamicalsystemis more complicatedthanthis example the expressiongor the rootswill probablybe so

big andcomplicatedhat Mathematica can’t dealso easilywith them. It's worth atry in thatcase but thereare
alternatives.l'll plotthesolutionbelow,aftershowinganalternativemethodof derivingit.

1:Se(l:ond method: Combine fixed point solve with linear stability analysis
ailure

An alternativeis to usethe fact thatMathematica canhandlesystemsf polynomialequationsrery easily. Here,
we Sol ve for the parametervaluessuchthat thereis a fixed point at x, and suchthat linear stability analysis
fails there.

bi f Sol =Sol ve[{f [Xx, r, h] =0, D[f [x, r, h], x] =0}, {r, h}]

{{th>-2x3, r 53x2}}
We wantto plotr horizontallyandh vertically to reproducehefigure on p. 71 of Strogatz. The nicething about

this resultis thatit givesh andr very simply in termsof the fixed pointx, sowe canvary x, andgenerate plot
of h vs.r parametrically.Here'showto setthatup.

Justso you'll know, the solution comesas a list of rule tables,becausesomesystemsof equationsmay have
manysolutions. Sowe usebifSol[[1]] to fish outthe singlerule tablewe want:

bi f Sol [[1]]
{h--2x3, r -3x2%}
Thenwe haveto makeanexpressiorior Par anet ri cPl ot .
{r, h}y /. bifSol [[1]]
{(3x2%, -2x%}

Finally, here’sthe plot command:
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ParametricPlot [{r, h} /. bifSol [[1]1], {x, -5, 5},
Pl ot Range -» {{-2, 2}, {-2, 2}}]
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- Graphics -

Justsowe canseethe cuspmoreclearly, here’sa setof plotting options(seel.9.2) thatmovesthe axes,andsets
theaspectratio sotheverticalaxisisn’t squished:
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ParametricPlot [{r, h} /. bifSol [[1]1], {x, -5, 5},
Pl ot Range -» {{-2, 2}, {-2, 2}},
AxesOrigin- {-2, -2},

AspectRatio - 1]
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- Graphics -

By the way, | just guessedhatx shouldgo from -5 to 5. Alternatively, you could solve for the fixed points
explicitly for r = 2 (theright-handedge)andgetanideafor thex rangethatway.

Third method: Discriminants

Every polynomial has a discriminant. (See
http:// mat hwor | d. wol f ram coni Pol ynomi al Di scriminant. htm .) The definition is kind of
complicated: You start by numberingall the roots of a polynomialry, ..., r,. Remembergevery complex
polynomialof degreen hasn complexroots. Thenthediscriminantis definedto bethe productof the squareof
the differencesdetweereverypossiblepair of roots:

n n

D:H ﬂ (ri -rj)?

i=1j=i+1

Sothe discriminantis zeroif two of the rootscoincide. Luckily, there’sa way to computethe discriminantjust
from the coefficientsof the polynomial. The following incantationdefinessucha calculation. (Don’t worry
abouthow this worksfor now.)
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Di scrimnant [p_?Polynomal Q x_]:=Wth[{n =Exponent [p, X1},
Cancel [((-1)~ (n (n-1) /2) Resul tant [p, D[p, x1, X1) /
Coefficient [p, X, nN]" (2n-1)11]

Here’sthefamiliar discriminantfor a quadratiqpolynomial,up to afactorof a? :
Discrimnant [ax"*2 + bx + ¢, X]

b2 -4ac
aZ

Soif ourfunction f[x, r, h] undergoes bifurcationat parametewaluesr andh, two fixed pointscollide, which
meanghediscriminantmustbe zero:

di scF = Di scri m nant [f [x, r, h], X]

-27h? + 473
The equation-27h? + 4r2 == 0 definesa curvein the(r, h) implicitly, andwe wantto geta pictureof it. There
are different waysto do this. Oneis to usel nplicitPl ot. We haveto first load a packageto makethat

commandavailable.

<< G aphi cs*

InplicitPlot [discF==0, {r, -2, 2}, {h, -2, 2}]

-20 ‘ ‘ ‘ ‘
-2 -1 0 1 2

- Cont our G aphi cs -
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An alternatives to solvefor onevariablein termsof the other. This cangetalittle tricky:

hSol = Sol ve[di scF =0, h]

2r3/2 2r3/2

{{h% 3\5}, heg\/é_

Now we needbothsolutions. This expressiomgivesusalist of solutionsfor h:
h /. hSol

2r3/2 2I’3/2

33 343

The/. commandcanwork with a list of rule tables,and producesa list of what happensvhenyou apply the
differentrule tablesto the expressiomontheleft. Justsoyou seewhatit’s doing:

Foo[bar, baz] /. {{Foo-f, bar - x, baz -y},
{Foo -» g, bar »a, baz - b}}

{f[x, yl, gfa, bj}

Now for our plot. Sincewe haveh asa functionof r, we canusethe regularPl ot commandput we needto
plot bothsolutions.

Pl ot [h /. hSol, {r, -2, 2}]
— Plot::plnr : h/. hSol is not a machine-size real number at r = -2.. Mire...
— Plot::plnr : h/. hSol is not a machine-size real nunber at r = -1.83773. More...

— Plot::plnr : h/. hSol is not a machi ne-size real nunber at r -1.66076. More...

— General::stop:
Further output of Plot::plnr will be suppressed during this calculation. Mire...
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- Graphics -

That isn't good. What sometimeshappenss that Mathematica evaluateshe expressionyou’re plotting in a
funny order,sofor example,t setsr = —1.66, andlooksath /. hSol but doesn’tevaluatethe/ . substitutionso
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there’snowhereto plugin r, andit getsconfused. Whatusuallyworksin this caseis to tell Mathematica not to
delay evaluatingthe expressiorto be plotted. You do thatby wrappingit in Eval uat e. Thisis agoodtrick to
know. Sol ve, Pl ot, and otherfunctionsare documenteds having this odd behavior: They "evaluatetheir
argumentsn a non-standaravay" which is a clue thatyou might needto useEval uat e. Anyway, here’sthe
repairedPl ot command:

Pl ot [Eval uate[h /. hSol ], {r, -2, 2}]

<<1>
— Plot::plnr : _2r is not a machine-size real nunmber at r = -2.. Mire...
343
<<1l>>
— Plot::plnr : L is not a machine-size real number at r = -1.83773. More...
34/3
<«<1>>
— Plot::plnr : _ZE:T is not a machine-size real nunber at r = -1.66076. More...

— General::stop:
Further output of Plot::plnr will be suppressed during this calculation. More...

-1t

- Graphics -

By the way, you canignore the complaintsaboutnot getting a real number. The plotting processcomplains
becausehe expressiorgenerategsomplexnumbersfor r < 0 andnothingbad happensthey just don’t showup
in theplot.

We canalsosolvefor r asafunctionof h, which happendo beeasietin this case.

rSol = Sol ve[di scF=0, r]

— GCeneral::spelll: Possible spelling error: new
symbol name "rSol" is similar to existing synbol "hSol". More...

1,23 3h?3 3(-1)'%n%3
{{r-3 (‘7) h22 ), {r - W}’ {r *‘T}}

Two of the solutionsarecomplexfor everyh, sothe only onewe needto worry aboutis:
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h2/3

rSol Real = ————
22/3

3 h2/3

2273

And herel've just usedthe mouseto selectthe onel wantfrom the output,andcopiedit to aninputcell. Now it

shouldbe clearwhy we geta cusp:Functionsof theform (x2)1/n for n > 2 havecusp—shapedraphs. Theplotis
a little weird:

Pl ot [r Sol Real , {h, -2, 2}]
— Plot::plnr : rSolReal is not a machine-size real number at h = -2.. More...
-1.83773. More...
-1.66076. More...

— Plot::plnr : rSolReal is not a machine-size real nunber at h

— Plot::plnr : rSolReal is not a nmachine-size real nunber at h

— General::stop:
Further output of Plot::plnr will be suppressed during this calculation. Mire...

3t

- Graphics -

The left handside is missingand we get complaintsaboutnot getting real numbersfor negativevaluesof h.
That's becauseMathematica is extremelycarefulwith complexnumbers,and knowsthatx”? is generallynot
well definedfor negativex. The caseof —g— = %is anobviousexample. Sowe endup gettingonly half the plot
we wanted. The parametridorm is betterbecausét doesn’thavethis problem.

Fourth method: Template polynomials

Justsoyou’ll know, "templatepolynomialis aterm| madeup. As far asl know, there’sno standarchamefor
this technique.

We supposehata bifurcationoccursat (r, h) suchthattwo fixed pointscoincide. Thatmeanshere’sa double
root. So,to traceoutsuchvaluesof r andh, we setour f equalto a polynomialwith the samedegreeandsame
highest—powecoefficient,but with overlappingroots. That'swhatl call thetemplate:
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tenplate = - (X -pl)"2 (X -p2)

-(-pl +x)2 (-p2 +X)
Here,pl andp2 arethetwo roots,andby puttingin (x — p1)2, I've specifiedthatpl is a doubleroot. | putin
the — sign becausehe highest-ordetermof f is —x* andthe templatehasto matchthat. To makeuseof this
template,what we needto do is equatethe coefficientsof our templateto the coefficientsof f. Thatgivesa

bunchof equationdor r andh. We cangetthe coefficientsby usingtheCoef fi ci ent Li st function:

CoefficientList [ax*2+bXx+cC, X]

{c, b, a}

CoefficientlList[f[x, r, h], x]

{(h, r, 0, -1}

Coef ficientlList[tenplate, Xx]
(pl? p2, -p1? -2p1p2, 2pl+p2, -1}

We now needto turn theseinto a list of equations.The Thr ead functionis usedto turn a function of two lists
into alist of functionsof pairs:

Thread[f [{a, b, c}, {d, e, f}]]
{f ra, dj, f b, e], fic, f]}
And it workswith equationstoo:
Thread[{a, b, c} = {d, e, f}]
{a==d, b=e, c=1}
Sowe canequateour coefficientswith theincantation:

coefficientEgs =
Thread [Coef fici entList [f[x, r, h], x] == CoefficientList[tenplate, Xx]]

(h=p1?p2, r = -p12 -2plp2, 0=2pl+p2, True}
Notice thatwe geta coupleof easyequations.First, the highestordercoefficientsareboth—1 becausé defined
themthat way, sothe lastentryis —1 == —1 which simplifiesto Tr ue. Secondwe getp2= —-2p1l out of the

next highest,which is very nice. Thatlet's us getrid of p2 entirely. Thisis easyenoughto do by handin this
case butMathematica canalsodo it automatically. We usetheEl i m nat e functionto getrid of p2.

coefficientEqs2 = El i m nate[coefficientEgs, p2]
= -2p1® &&r = 3p1?

I'd really ratherhavealist:
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coefficientEqs3 =coefficientEqs2 /. p_&&q_- {p, q}
{h=-2p1% r =3p1%,

Thisis the samesetof parametricequationave gotbefore,sol won't plot themagain.

Incidentally, supposewe wantedto find the parametewalueswhereall threefixed points collide. That's the
pitchfork bifurcation. Thenwe simply usea differenttemplate:

tenplate2 = - (x -p)"3
-(-p+x)?
Now p is atriple root. We proceedasbefore ,equatingcoefficients:

coefficientEqsTriple =
Thread[Coef ficientList[f[x, r, h], x] == CoefficientList[tenplate2, x]]

(h=p3 r =-3p? 0=3p, True}
Now thingsaremuchmorerestricted:
Elim nate[coefficientEqsTriple, p]

=08&&r =0

By theway, | hopethis lastsolutionis obviousfrom the systemof equations.



