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The Graphicgpackagecontainsa functioncalledPlotVectorField:
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Unfortunately,Mathematica doesn’'tinclude much in the line of nice point—and-clickinterfacesfor drawing
solutionsto thedynamicalsystemdefinedby a vectorfield. Here’'showto doit throughfunctioncalls.

Let's sayyour dynamicalsystemis:
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X" =X (3-X-2Y)
y' =y (2-x-y)

Let’s definearule tablethatencodeghis system:

dynam cal System= {x’' [t _] -»Xx[t] (3-x[t]-2y[t]),
Y It_1-y[t] (2-x[t]1-y[t])}

(X[t_]->x[t] B-x[t]-2y[t]), y[t_]->(2-x[t]-y[t])y[t]}

Note thatI've definedrulesthatreplacex’[t_] wherethet is a pattern. Thatmeanswve canapplythis rule andit

will work on x’[anything, notjustx’[t]. By usinga rule tableof this form, we cando lots of interestingthings.
For examplejet’'s saywe wantto plot the vectorfield:

vectorFieldl = {x' [t], y' [t]} /. dynam cal System

{(x[t] B-x[t]-2y[t]), (2-x[t]-y[t])y[t]}

Pl ot Vector Fi el d[vectorFi el d1, {x[t], O, 4}, {y[t]l, O, 4}]
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If havingexpressiondike x[t] andsuchin your vectorfield bothersyou, you canalsogetrid of themwith this
rule:
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vectorField2 =vectorFieldl /. f_[t_]-f
{(x (83-x-2y), (2-x-Yy)Vy}
Yes,you canmakethe nameof thefunctiona patternto. Justsoyou canseewhatthatis doing,consider:
f X1 +glyl +h[x]+r[y] /. u_[x]->q[x]

glyl +2q[x] +r[y]

Sol cannow give this commandwhich is pretty muchthe sameasmy earliercommandbutit doesn’tlook quite
soodd,andthistimeI'll savetheresultto beusedin laterpictures:

vector Fi el dPi cture = Pl ot Vector Fi el d[vector Fi el d2, {x, 0, 3}, {y, 0, 3}]
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Back to our dynamicalsystem. Now supposeyou wantto plot solutionson top of the vectorfield. To do that,

we shoulduseMathematica’'s built—in numericalsolving functions. Here’show to turn our dynamicalsystem
rule tableinto a systemof equationghatNDSolve canhandle:

ode = {x' [t] = (X' [t] /. dynam cal System),
y' ' [t]=(y’' [t] /. dynam cal System)}

(X [t]=x[t] 3-x[t]-2y[t]), y'[t]=(2-x[t]-y[t])y[t]}

We alsohaveto addin initial conditions. Thosemustbe addedo the ODE, sowe usetheJoin function:
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Join[{a, b, c}, {X, Y, 2}]

{a, b, c, X, y, z}

Join[ode, {x[0] =2, y[0] =2}]

t] 3-x[t]-2y[t]),

{(x*[t] =X -2y
= (2-x[t]-y[t])y[t], x[0] =2, y[0] =2}

X
y’ [t]
Here’showto useNDSolve:

nunSol 1 = NDSol ve [Joi n[ode, {x[0] =2, y[0] ==2}]1,
{x, y}, {t, 0, 5}]
{{x > Interpol atingFunction[{{0., 5. }},
y - Interpol ati ngFunction[{{0., 5.1}, <>]}}
Thereturnvalueis alist of rule tablesthatencodenumericalsolutions. You canusethemprettymuchlike you'd
useanyregularfunction. It returnsalist of rule tablesin caseit happengo find multiple solutionswhichis rare.
Sincewe usuallyjustwantthefirst solution,it’s bestto usethecommand

nunsol 1[[1]]

{Xx - I nterpol ati ngFunction[{{0., 5.1}, <>],
y = I nterpol ati ngFunction[{{0., 5.1}, <>]}
Or you canusetheFirst function:
Fi rst [nuntol 1]
{X - I nterpol ati ngFunction[{{0., 5.1}, <>],
y —» I nterpol ati ngFunction[{{0., 5.}}, <>]}
Plot [x[t] /. First [nunSol 1], {t, O, 5}]
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Note: Noticethatl've useddoubleequalsigns==in the definition of ode,becausehatrepresentsnequationin
Mathematica, asin somethingthat might be true or false,or somethingto be solved. That's differentfrom the
singleequal= or the colonequal:= thatareusedto makedefinitions. For variousreasonsyou canusesingle
equalinsidean expressionbecause¢hat makesa definition andreturnsthe value of the definition. Thatleadsto
bugswhereyou use= insteadof == by mistakeandcan’t know thatanythingis wronguntil you geta goofy error
message Here’'swhatcangowrongif you use= by mistake:

odeWong={u’ [t]=Vv[t], V' [t]=-u"[t]}

{vit], -vit]}

nunSol W ong = NDSol ve[Joi n[odeW ong, {u[0] =2, v[0] =2}],
{u, v}, {t, 0, 5}]
— NDSolve:: degn : Equation or list of equations expected
instead of v [t] in the first argument {v[t], -v[t], 2, 2}. More...

— NDSolve:: degn : Equation or list of equations expected
instead of v ([t] in the first argument {v[t], -v[t], 2, 2}. More...
NDSol ve[{Vv[t], -Vv[t], 2, 2}, {u, v}, {t, 0, 5}]

And whatthis hasdoneis to definestuff aboutu andv ratherthancreateequations.You canseefrom the output
that the actualNDSolve commandhasturnedout all wrong. Here’show to view the definitionswe incorrectly

created:
?u
QG obal ‘u
u[0] =2
?v
G obal ‘v
vi0] =2

Back to our vector field problem. Now supposeyou wantedto overlay solutionson the vector field. Since
solutioncurvesaredefinedparametricallyywe haveto usethe ParametricPlot function:
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Par anet ri cPI ot [={x[t], y[t1} /. First [nunSol 1], {t, O, 5}]

sol uti onPi cture
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Show [ {sol uti onPi cture, vectorFi el dPi cture}]

- G aphi cs -

Hmm, let's makeit square:
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Show[ {sol uti onPi cture, vectorFi el dPi cture},
AspectRatio - 1]

- Graphics -

Now if you wantedto plot a lot of solution curves,the procedurel just describedwould get tedious. So, we
should automateit. First, let's define a function that createsa numericalsolution starting at a given initial
condition:

makeOneSol ution[{x0_, y0_}]: =
Fi rst [NDSol ve[Joi n[ode, {x[0] =x0, y[0] ==yO0}],
{x, y}, {t, 0, 10}1]
| used:= ratherthan= to definemakeOneSolutic because¢ don’t wantMathematica to attemptto evaluatethe
NDSolve commandright now. | wantit to wait until I've acutallyspecifiedthe initial conditions. Here’'swhat
happensf youforgetanduse= instead:

makeOneSol uti onCops[{x0_, y0_}] =
Fi rst [NDSol ve[Joi n[ode, {x[0] ==x0, y[0] ==yO0}1],
{x, y}, {t, 0, 10}1]
— NDSolve :: ndinnt
Initial condition x0 is not a number or a rectangular array of numbers. More...

(X [t]=x[t] (B-x[t]-2y][t]),
y'[t] = 2-x[t]-y[t])y[t], x[0] =x0, y[0] =y0}
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makeOneSol uti onQops[{2, 2}]

Whichis all wrong. Sobesureto use:= to defineit.

Now is a goodtime to introducethe Map function. It takesa functionanda list, andappliesthe functionto each
item in the list, returningthe result. (The name"map" is traditional for this kind of operation,eventhough
somethindike "apply to each"would be moredescriptive.)

Map[f, {1, 2, 3}]

{fr1y, fr23, 1313

Map[f, {{a, x}, {b, ¥}, {c, z}}]

{f [{a, x}1, f[{b, y}1, f[{c, z}1}
Sothis makesa bunchof solutioncurves:

makeManySol utions[initial Conditions_]: =
Map [makeOneSol ution, initial Conditions]

Again, | use:= to tell Mathematica to wait and not evaluatethe right handsideright away. Here'show all this
works:

makeOneSol ution[{2, 2}]

10

{X = I nterpol ati ngFunction[{{0., .
10.

y —» I nterpol ati ngFunction[{{0.,

makeManySol utions[{{2, 2}, {1, 1}, {2, 1}}]

{{x > Interpol ati ngFunction[{{0., 10.}}, <>],
y -» I nterpol ati ngFunction[{{0., 10.}}, <>]},
{X > Interpol atingFunction[{{0., 10.}}, <>],
y - I nterpol ati ngFunction[{{0., 10.}}, <>]},
{X - Interpol atingFunction[{{0., 10.}}, <>],
y —» I nterpol ati ngFunction[{{0., 10.}}, <>]}}

Sonow | canmakea list of rule tables,eachrepresenting differentnumericalsolution. And | canplot themall

atoncelike this:

{X[t1, y[t1} /. makeManySol utions[{{2, 2}, {1, 1}, {2, 1}}]

{{Interpol ati ngFunction[{{0., 10.}}, <>][t],
I nterpol ati ngFunction[{{0., 10.}}, <>][t]},
{Interpol ati ngFunction[{{0., 10.1}}, <>][t],
I nterpol ati ngFunction[{{0., 10.1}}, <>][t]1},
{Interpol ati ngFunction[{{0., 10.1}}, <>][t],
I nterpol ati ngFunction[{{0., 10.1}}, <>][t]1}}
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Par anetri cPl ot [

{X[t]1, y[t1} /. makeManySol utions[{{2, 2}, {1, 1}, {2, 1}}],

{t, 0, 10}]
— NDSolve :: dsvar 4.1666666666666667*"—7 cannot be used as a variable More....
— NDSolve:: dsvar 4.1666666666666667* -7 cannot be used as a variable More...
— NDSolve :: dsvar 4.1666666666666667*"—7 cannot be used as a variable More....
— General :: stop Further  output of
NDSolve:: dsvar will be suppressed during this calculation More ...
— ReplaceAll :: reps :
{<<1>>} is neither a list of replacement rules nor a valid dispatch
table , and so cannot be used for replacing More...
— ReplaceAll : reps :
{<«<1>>} is neither a list of replacement rules nor a valid dispatch
table , and so cannot be used for replacing More ...
— ReplaceAll :: reps
{<<1>>} is neither a list of replacement rules nor a valid dispatch
table , and so cannot be used for replacing More....
— General :: stop Further  output of
ReplaceAll :: reps will be suppressed during this calculation More....
— ParametricPlot  :: pptr
(X[t], Y[t]} /. <17> [{<<1>}] does not evaluate to a pair of
real numbers at t = 4.1666666666666667* -7 More...
— ParametricPlot  :: pptr
{(X[t], Y[t]} /. <17> [{<<1>}] does not evaluate to a pair of
real numbers at t = 0.40566991572915795 More...
— ParametricPlot @ pptr
(X[t], Y[t]} /. <«<17> [{<<1>}] does not evaluate to a pair of
real numbers at t = 0.8480879985937368 More...
— General :: stop Further  output of
ParametricPlot @ pptr will be suppressed during this calculation More...
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Ooh, thatwasunpleasant.This oftenhappensvhenyou try to do fancy plotting commands.The problemis that
plotting functions often "evaluatetheir argumentsin a non-standardvay," which meansthey do confusing
thingslike that. You canusuallygetit to work by usingthe Evaluatefunctionto force Mathematica to createthe
solutionsbeforeattemptingo plot anything:



10
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many Sol uti onPi cture = Paranetri cPl ot [Eval uat e[
{x[t1, y[t1} /. makeManySol utions[{{2, 2}, {1, 1}, {2, 1}}11,
{t, 0, 10}]
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And you canshowthe solutionson top of thevectorfield asfollows:

Show[ {manySol uti onPi cture, vectorFi el dPi cture}]
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