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Abstract.  In this paper, | study a cortin uous dynamical system that describes
language acquisition and communication in a group of individuals. Children in-
herit from their parents a mechanism to learn their language. This mechanism is
constrained by a universal grammar which speci es a restricted set of candidate
languages. Language acquisition is not error-free. Children may or may not suc-
ceedin acquiring exactly the language of their parents. Individuals talk to ead
other, and successfulcommunication contributes to biological (or cultural) tness.
| provide a full bifurcation analysis of the casewhere the parameters are chosen
to yield a highly symmetric dynamical system. Populations approach either an in-
coherert steady state, where many di eren t candidate languagesare represened
in the population, or a coherert steady state, where the majority of the popula-
tion speaksa single language. The main result of the paper is a description of how
learning reliabilit y a ects the stabilit y of thesetwo kinds of equilibria. | rigorously
nd all xed points, determine their stabilities, and provethat all populations tend
to some xed point. | also demonstrate that the xed point represerting an inco-
herent steady state becomesunstable in an S, -symmetric transcritical bifurcation
as learning becomesmore reliable.

1. Intro duction

Human languagesconsistof two parts: a lexicon, which is a set of words and
their meanings,and a grammar, which is a set of rules for assenbling and
interpreting sertences. Children acquire their native language by hearing
example sertences from their parents through which they learn both the
lexicon and the grammar [16]. The general problem of acquiring grammar
only from example sertencesis known to be impossiblewithout constraints
on the rules of the grammar [9]. A widely acceptedtheory is that humans
have a built-in set of constraints known as universal grammar or UG which
guides the acquisition of native languages[3,20]. UG operates even when
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the input is exceptionally impoverished, as in the casesof creolization [2]
and the spontaneousinvention of sign languages[21]. Children in thesesit-
uations dewelop a fully functional grammar despite the lack of grammatical
input and speak or sign quite dierently from their parents. Someaspects
of grammar, such as the word order, seemto be represerted in the brain
asa nite number of parameterswith a small number of possible settings
[4], and learning these parameter settings is equivalent to choosingamonga
nite number of possibleclassesof grammars[8]. The grammar acquisition
processis not completely understood, but many theories are basedon the
idea that children set parameters basedon speci ¢ cuesfrom the sample
sentencesthey hear, and many changesin grammars over time may be ex-
plained by a changein the linguistic environment that triggers a changein
one of these parametersin the next generation [15].

A number of mathematical frameworks have been proposedfor model-
ing the ewolution of languages[13,14,17{19]. This paper is concernedwith
the model described in [13], in which Komarova, Niyogi and Nowak use
ewolutionary principles to model a population where eadh menmber speaks
one language and bene ts from being able to communicate with the rest
of the population; this paper extendsthe analysisin [13] and adds seeral
new results. We assumethat the membersof the population have a common
lexicon and that certain lexical aspects of grammar, such as the forms of
pronouns and tense morphemes,are xed, leaving ead child with a choice
among a nite number of grammars. Children are assumedto learn their
nativ e languageby hearingtheir parents speak, but the languageacquisition
processis subject to error, sothey may end up with a grammar di erent
from that of their parents. Learning error often results from ambiguity in
the sample sertenceschildren hear: The presenceof a foreign language or
multiple dialects can create enoughlinguistic noisethat children are unable
to determine exactly which grammatical rulesto adopt [15,16]. Rather than
try to model the acquisition processin detail, this paper will treat learning
in an abstract mannerand deal only with the probability of making a learn-
ing error. The dynamical systemwhich modelsthis population is called the
languagedynamical equation. The focus of this paper is to provide a com-
plete bifurcation analysis of the languagedynamical equation in a special
casewherethe parametersare chosento make the dynamical system highly
symmetric.

Two classeof population statesare of primary interest. A coherert pop-
ulation is one in which the majority of members speak one language, and
an incoherert population is onein which many languagesare spoken by a
signi cant fraction of the population. The tension between learning error
and selectionin uences whether a given initial population reaches equilib-
rium in a coherent or incoherert state. The language dynamical equation
contains selectionterms which drive the population toward coherence,and
mutation terms, corresponding to imperfect learning, which drive the pop-
ulation toward incoherence.If children are very likely to make mistakesin
acquiring their language,then all languagescan be equally distributed in
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the population, and the selectionterms which give peoplea bene t for their
ability to communicate have little e ect. When children learn reliably, a
languagewhich is already widespreadtends to becomeeven more popular.
Parents who speakit will almost surely passit on to their children, and the
selectionterm will be high for that languagebecauseits speakers can com-
municate perfectly with ead other, and they form a large fraction of the
population. When learning is very unreliable, the only stable equilibrium
is an incoherert state. As the parameters of the model change to re ect
increasedlearning reliabilit y, stable coherent equilibria appear. The inco-
herert equilibrium eventually becomesunstable, and almost all populations
tend to a coheren equilibrium. The bifurcation analysispresened here pro-
vides a mathematical description of how this transition from incoherenceto
coherencetakesplace.

Section 2 setsup the languagedynamical equation and describeshow it
generalizesthe replicator equation and the quasispeciesequation.

In its fully generalform, the languagedynamical equation is a system of
non-linear ordinary di erential equationsin an arbitrary number of dimen-
sions, and a complete analysis of such a system is probably not possible.
However, a considerableamount of information can be derived from a spe-
cial caseof the model in which the parametersare setto make the di erent
grammars completely interchangeable.Section 3 describesthese parameter
settings.

The resulting system of ODEs has permutation symmetry and can be
analyzedin detail. The xed-p oint analysishereaddsdetail to the resultsin
[13]. Section4 givesan outline of the bifurcation scenarioand pictures from
the three-grammar case.In Section5, we determine the locations of all xed
points and the parameter values for which they exist. Section 6 describes
the linear stability analysisof all xed points. Bifurcations occur when the
parametersare suc that the linearization of the systemis singular at a xed
point. All such bifurcations of xed points are found in Section 7, including
the S, transcritical bifurcation in which the incoherert equilibrium reverses
stability.

Further analysis in Section 8 shows that the symmetric language dy-
namical equation happensto be nearly a gradient system,and a number of
results about gradient systemscan be adapted and applied to it. With a
few short arguments, we will rule out closedorbits, homoclinic loops, and
directed heteroclinic cycles. Finally, we show that all populations tend to
some xed point.

2. The language dynamical equation

Consider a large population of freely interacting individuals with identical
languagefaculties. We assumethat they sharealexicon, and ead individual

and understanding sertences.The population asa whole is analogousto a
guasispecies,because¢he membershave a lot in common, namely the ability
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to uselanguage,without being identical, asthey have di erent grammars.
It is assumedthat all individuals interact with ead other, and reproduce
at a rate dependert upon some tness measureof the grammar they use.
Reproduction of languageis accomplishedby learning: Children learn the
grammar of their parents by hearing examplesertences,with the possibility
that they might make mistakes. Learning mistakes can be thought of as
mutations, as they causeparents speaking G; to bear o spring speaking
G;j . The population is represemeg by x1;:::;Xn wherex; is the fraction of
peoplespeaking G; . We require  x; = 1.

For this model, the relative tness of an individual is basedupon its
grammar and the composition of the population. Given constarts A;; rep-
reserting the probability that a sertence spoken at random from G; canbe
parsedby a speaker of G;, we de ne the tness of G; to be

X
Fi = (A ik + (1 )Ak;i)Xk: (l)
k=1

That is, tness dependson the ability for a speaker of G; to be understood
by and to understand a speaker of Gi. This is a measureof the similarity
of the two grammars and is independen of the actual speakers. In F;, the
ability to communicate with G is weighted proportionally to its abundance
Xk. If the parameter is large, more bene t comesfrom being understood,
and if it is small, more bene t comesfrom being able to understand. For the
rest of this analysis, we give equal weight to both terms by setting = %
which yields

X Aix + A

Fi= 2

Xk (2)
k=1
In formulating the dynamics, we also needthe variable represerting the
average tness:
X
= FrXk: (3)
k=1
Note that is a quadratic form in the x;'s.

To model learning, we de ne a row-stochastic matrix Q sud that Qj;
is the probability that a teacher speaking G; producesa student speaking
G;j . The ertries of Q are analogousto mutation rates. The Q matrix is row
stochastic, meaning the sum of ead row is 1, becauseevery student must
learn somegrammar.

The languagedynamical equation is an ODE represering the population
dynamics:

X

FixiQij X j
=1 X 4)
(Fj Qj; )X+ FixiQjj -
i8]

=
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Each G; reproducesat a basic rate F;, but a fraction Q;; of the o spring
erroneouslylearn G; . The secondform illustrates that the net reproductive
rate of G; dependson how much its tness, scaledby learning reliabilit y,
exceedsthe average tness . This is the selectionterm. The other terms
are mutation terms and represen contributions due to learning error. Note
that this equation is cubic in the x; variables. Only A and Q are constart
in time; and F are functions of

Note that the total population  x; remains xed at 1, becauseits time
derivativeis zero. All orbits of interest are therefore con ned to an invariant
hyperplanede ned by x 1 = 1, wherel is a vector whoseertries are all 1.
Furthermore, if x; = 0, then x; O asit is a sum of terms ead of which
is at least 0. In particular, if x; (to) 0, it cannot at somelater time cross
the hyperplane perpendicular to the basisvector g; becausethe vector eld
points the wrong way. Therefore, the positive orthant, de ned asthe subset
of R" where ead x; 0, is a trapping region. The intersection of the
invariant hyperplane and the positive orthant is a simplex S,,. For example,
S3 is an equilateral triangle, and S, is a regular tetrahedron.

The languagedynamical equation combinesideasfrom both the replica-
tor equation [12] and the cortin uous quasispeciesequation [5,6]. It builds
on the basic structure of the replicator equation, but adds mutation asin
the quasispeciesequation, and the reproductive rates are dependert upon
the structure of the population.

3. Parameter settings for permutation symmetry

The fully generalmodel (4) is too complexto analyzewithout somesimpli-
fying assumptions.Following Komarova et al. [13], we will constrain the A
and Q matrices sothat there are only two free parametersand the system
as a whole exhibits permutation symmetry, that is, all the grammars will
be interchangeable.With these constraints, we can analyze the dynamical
systemthoroughly despite its non-linearity.

For the rest of the paper, we will assumethe following form for A and

Q:
0
la a
al a
A=RB... .C; )
aa 1
0
qu u
_BYd “E. _ 1 q
Q_%ff".f ; WhereU—ﬁ. (6)
uu q

The parameters a and q now completely determine the model. All o -
diagonal ertries of A are the same,so the probability that two peoplewho
usedi erent grammars understand ead other is the sameno matter which
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grammars they use. Children acquire their grammar without error with
probability g and mistakenly acquire each other grammar with probability
u.

For corvenience,we de ne variables My represerting the k-th momert

of the vector x:
X

M= xf 7)
j=1
Simplifying the original form of the language dynamical equation (4) and
incorporating the restrictions on A and Q yields the following expression
for the dynamics:

xp = (1 a) (@ wxf+uM, x;Mp aunx; + au: ®)

Note that this vector eld hasthe permutation group onn letters, commonly
denoted S, asits symmetry group, as all variablesx; are interchangeable.
We will referto (8) asthe fully symmetric languagedynamical equation, and
the rest of the paper is concernedwith this restricted form of (4).

4. Outline of the bifurcation scenario

To illustrate the bifurcation scenariofor the fully symmetric languagedy-
namical equation, we display here some pictures from the three-grammar
case.They show the simplex as a triangle, where the cornersrepresen the
extreme values of (x1;X2;x3), namely (1;0;0), (0;1;0), and (0;0;1). The
parameter a is xed at 0:5, and q varies.

For low valuesof g, the picture is asshown in Figure 1. There is a single
xed point which will be called the uniform xed point in the middle of
the simplex. It is a stable sink, meaning nearby populations tend to it in
forward time. In this case,all populations tend to the uniform xed point. It
represens an incoherert population where eat languageis spoken in equal
proportion. Here, the inaccuraciesin learning drown out the e ects of the
selectionterms in the model.

As q increases,a nhumber of symmetric saddle-nale bifurcations occur,
resulting in Figure 2. In eat corner of the simplex, a pair of xed points
appears, one stable sink closeto the corner, and one unstable saddle be-
tweenthe sink and the uniform xed point. The stable sinksin the corners
represen coherert populations, where one languageis spoken by a large
portion of the population. Populations which start closeto a corner move
to a coheren state, and populations which start closeto the certer move to
the uniform xed point and incoherence.All the stable sinks have a basin
of attraction, meaninga set of nearby population stateswhich tend to them
in forward time. The saddle points have only a thin manifold of population
states which tend to them in forward time, and thesestable manifolds form
the boundaries betweenthe basins of attraction of the sinks. In this situa-
tion, learning has becomeaccurate enoughthat the population can choose
a dominant language.When a large portion of the population speaksone
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language, the tness term in the ODE for that languageis high because
those people understand eat other perfectly. This causesthe languageto

be spoken morewidely in the future. However, populations still have a choice
betweencoherencein the corners,and incoherencein the middle.

When g exceedsa particular value, the saddle points collide with the
uniform xed point in what is known as an S, -symmetric transcritical bi-
furcation. The result is shavn in Figure 3. In this bifurcation, the uniform
xed point reversesits stability and becomesan unstable source.The saddle
points passthrough it and re-organizethemsehes,astheir stable manifolds
must now form boundaries betweenbasins of attraction in the corners, but
no longerin the middle. All populations (except the few on the stable man-
ifolds of saddle points) now choosea dominant languageand move toward
one of the sinksin the corners.In this case,the inaccuraciesof learning are
drowned out by the selectionterm, and incoherenceis no longer stable.

o Sink

& Saddle

O Source

J Non-hyperbolic
&+ Stablemanifold

& --@ Unstablemanifold

Fig. 1. Phaseportrait with a= 0.5, = 0:85.

In higher dimensions, the basins of attraction of the various sinks are
more complex, and there are more saddle points which comeinto existence
before the S,-symmetric transcritical bifurcation. The higher dimensional
casesare hard to draw; however the three-languagecasedrawn here should
provide enoughillustration to give the readersomeintuition for the analysis
that follows.

5. Locating the xed points

We will now locate all the xed points of the fully symmetric language
dynamical equation, and identify the parameter rangesfor which they exist.
In particular, the order in which xed points comeinto existencecan be
completely determined. It is reasonableto guessthat the xed points of
(8) will have somesymmetric form. In particular, we make the assumption
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o Sink

& Saddle

O Source

J Non-hyperbolic
&+ Stablemanifold

& --@ Unstablemanifold

Fig. 2. Phaseportrait with a= 0:5, = 0:8575.

Sink
Saddle
Source
Non-hyperbolic
& Stablemanifold
& --¢€@ Unstablemanifold

Fig. 3. Phaseportrait with a= 0:5, q= 0:9.

that at xed points, m grammarswill sharethe majority of the population
equally, and the rest will split the remainder equally.

Prop osition 1. Every xed point x of (8) has m entries equal to some
number Z andn m entries equalto (1 mZ)=(n m).

Proof. Supposex isa xed point. At that point, M is someconstart which
dependsupon x. Then ead coordinate x; must be a root of the polynomial

(1 a (@ uZ?+uM, ZM, aunZ+ au= 0: (9)

This polynomial, which comesfrom (8), is quadratic in Z, soit hasat most
two real roots. Therefore, eadh x; is limited to be oneof at most two values,
and wgmay assumem of them are of onevalueand n m are of the other.
Since x; = 1, the xed point must be of the required form. t
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Wede ne X (M) and Y (™ to be the roots of (9), with X (M) referring to
the larger. A xed point with m ertries equalto X (M) and n  m entries
equal to Y(M) will be called an m-up xed point. There are o ways to
distribute m grammars of majority frequency X (™) and m n grammars of
minority frequencyY (M) amongthe n ertries of x, yielding r']l symmetrical
m-up xed points.

The next step is to give explicit expressionsfor all of these xed points,
and determine the valuesof q for which they appear. We x a, and consider
what happensas q increasesfrom 1=n to 1.

First, there is one xed point correspondingto m = 0 or m = n called

the uniform solution. It is given by
1 .
Xj = o wherej = 1:::n:

This xed point represens a population where all grammars are spoken
with equal frequency It exists for all a and g, as can be seenby plugging
it into (8). When solving for m-up xed points, the uniform solution will
always show up as an extra solution where X (M) and Y (™) are both 1=n.

Other xed points can be found by substituting the form described in
Proposition 1 into (8). That is, we solve for the possiblevaluesof ead Xx;
by setting

Xj = Z,
mz °

1
M,=mZ2+ (n m) —

which yields a cubic equation. It turns out that Z = 1=n is always a root
of this equation, which re ects the fact that the uniform solution is of the
required form for every m. Extracting the factor of (nZ 1) from the cubic
yields the following quadratic:

(a 1)m(n 1)z2
+(a 1D@+2m(g 1) ng)Z (20)
(@@ m n) 1(g 1=0:

The roots are found with the quadratic formula, yielding

p_
7(m) _ 1 2m+ 2mg nq d ; (11)
2m(n 1) 2m(l1 a)(n 1)
where the discriminant d is given by
d=1 a 4m(n 1A ag(a+tam an 1)
(12)

+(1 a@ 2m@ 9 ng)? :
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The quadratic equation (10) was set up to look for values of Z sud that
some xed point hasm elemens equalto Z. Therefore,

xm = z{™;
1 mZJ(rm) (13)
n m °

y(m) =z m) _

If gis small enough,d will be negative, and there will be no m-up xed
points. When q is such that d = 0, there will be somesort of saddle-nale
bifurcation, asthe m-up and (n  m)-up xed points will beidentical. The
bifurcation value of g may be found by solving the quadratic equationd = 0.
The appropriate root is

1
(@ 1)(n 2m)2

2(n 1)IO A+am D)@A+an m 1)m(n m) :

On = 2m(n m)2+a(n 3))+(a 1)n

(14)

Note that ¢, = ¢, m, which implies that the m-up and (n m)-up xed
points will appear at the sametime as q increases.See Figure 4 for an
example graph of ¢, . As can be seenfrom its concave-dovn shape, the m-
up xed points appear in a particular order: rst the 1-up and (n 1)-up
xed points, then the 2-up and (n  2)-up, and soon.

More rigorously, we can make the substitution m = n=2+ h. After some
simpli cation, (14) becomes

2+ a(n 3)+(n In 1 a+ &

On = 20 3 20 3 g(h); (15)
where 0
o(h) = 1 1h2)r$;l 2h?) 1;
and ,
1= ﬁ and ;= ni?:

2

Notethat 1= ,onlyif a= 1,in which caseall the languagesare identical,
orif a= 1=1 n) < O; neither caseis of interest here,so ; 6 ,. The
important thing to notice is that ¢, is a positive constart plus a positive
constart times g(h), and ; and , are positive and unequal. Thus, we only
needto establishthe shape of the graph of g(h) to determine the shape of
the graph of ¢,.

Prop osition 2. The function g(h) has a glotal maximum at h = 0 and is
concavedownfor n=2 h =2
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0 2 4 6 8 10
m

Fig. 4. Plot of 6n, with a= 0:2 and n = 10. The m-up xed points do not exist
until 9> 6.

Proof. Note that for small h, we can expand P 1  h? into the Taylor
seriesl+ h2=2+ h*=8+ O(h®), which quickly givesthe expansiong(h) =
(1+ 2)=2 (1 2)°h?=8+ O(h*). From this series,we can read o

9(0) = 1; 2 20
g%0) = o;
g0({0) - ( 1 7 2)2 < 0

This analysis provesthat g has a critical point at h = 0, which is a local
maximum by the secondderivative test. In fact, this is the only critical
point of g, and therefore a global maximum, as may be seenby analyzing
its derivative directly. If g°is to be zero, its numerator must be zero, which
implies, after somemanipulation, that

120 = (1+ 2)%h%

which has only the solution h = 0. Therefore g has a single critical point, a
global maximum at h = 0, and is concave down everywhereelse. t

This lemmaimplies that ¢, which is just a scaledand translated version
of g, must always have the shape suggestedby Figure 4. In particular, n
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has a global maximum at m = n=2, given by

_l1+n+am® n 1)
¥ n@ 2a+an)

Gnax = Ol - ; (16)

after much simpli cation.

6. Linear stabilit y analysis

Now that all the xed points of the fully symmetric language dynamical
equation have been found, their stabilities must be determined by linear
stability analysis. In this section, we will compute the Jacobian matrix of
the vector eld in (8) at the various xed points, derive expressionsfor its
eigervalues, and determine their multiplicities. In Section 7, we will deter-
mine the parameter valuesfor which ead is a source,a sink, or a saddle.

pendent. The fact that the region of interest is a simplex embedded in
an (n  1)-dimensional hyperplane will come into play after the n-by-n
Jacobian has been computed. An alternative would be to replace x, by
1 (x1+ + X, 1) and work in n 1 independert variables, but that
method yields results that are somewhatharder to visualize as the simplex
is no longer easily visible.

The Jacobian matrix for (8) has ertries of two types:

%: Q1 aE@x (g xj) M) aun; a7
andfor j 6 i:
@i _ Ry
@j =201 au x)xj: (18)

For simplicity of notation in this section,| is assumedto be di erent from i
whene\er usedas a subscript. Due to the symmetry of the ODE, the same
expressionis obtained for any j 6 i.

Sinceead x; will have to be one of two values,the Jacobian matrix has
a special structure which makesits eigervaluesrelatively easyto nd. In
particular, de ne the following variables:

o= O 0 = O
17 e = xm) 27 @ g=ym)
Cy = @(_L Cs = @(—L
37T o X=X (M) x; =X (m) 4T e X=X (M) x; =y (m)
= @ - e
@; @;

xi:Y(m);xi:Y(m) j xi:Y(m);xi:X(m)
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With the precedingde nitions, the Jacobian of (8) at an m-up xed point
with the rst m ertries equalto X (™) takesthe form

0 1
C1 C3 C3|Cq C4 Csq

C3 C1 C3|Cq C4 Csq
C3 C3 C1|Cq C4 Cq
Ce Co Ce|C2 Cs5 Cs
Ce Co Ce|Cs C2 Cs

(19)

Cs Co Cs|Cs Cs C2
The lines separatecolumns 1 to m and rows 1 to m from the rest. Due to
the permutation symmetry of the dynamical system, the coordinates of any
other m-up xed point may be derived from this oneby shuing its ertries;
its Jacobian may be found by conjugating J with a permutation matrix, so
it will have the sameeigernvalues. Thus, to determine the stabilities of all
xed points, it is su cien t to analyzeJ.

In addition to the special form of J, a further obsenation makes it
possibleto quickly determine eigenvaluesof J: We are interestedin J only
at xed points within the simplex. Sincethe (n 1)-dimensional hyperplane
cortaining the simplexisinvariant, n 1 of the eigervectorsshould lie within
this hyperplane,and the last eigenvector shouldlie outside. The specialform

of J suggeststhat we try an eigervector of the form
1

The rst m ertries are the sameand therefore invariant under permutations
of the rst m variables.The lastn m are similarly invariant. The equation
Jv = v reducesto the following two-dimensional eigervalue problem:

car+(m 1)cgr+(n m)ceys=r;

20
Mmcer + C;s+ (N m  1)csS= s: (20)

The assumptionthat v liesin the hyperplane of the simplex givesan addi-
tional equation,v 1 = 0, which expandsinto
mr+(n m)s= 0 (21)

Using (21) to solve for s in terms of r and substituting that expressionfor
s in the rst equation of (20) yields

1=+ (m 1cz mey: (22)
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A particular eigervector vy corresponding to ; may be found from (21),
for example,by settingr = (n m)ands= m.

A secondeigervalue may be determined by computing the trace of the
system (20) and subtracting 1. The result is

0=C+(nh m 1)cs+ mey: (23)

However, the corresponding eigervector vy points outside the simplex and
is not of interest here.

The remaining n 2 eigervaluesmay be found by looking at subspaces
orthogonal to v;. In particular, the m 1 vectors

e+ e fork=2:::m
are eigernvectors suc that
J(eat+tea)=(a c)( e+ e):

The notation g, meansthe k-th standard basisvector of R". Likewise,the
n m 1vectors

€nm+1 t & fork=m+ 2:::n
are eigervectors with
J( ema te&)=(c2 C5)( emsa + &):

In summary, if weassumem > 0,then gand 1=c+(m 1)cz mcy
are eigervaluesof multiplicit y 1, , = ¢; ¢z is an eigernvalue of multiplicit y
m 1,and 3= cC; Csisan eigenvalue of multiplicity n m 1.In the
special casewhere m = 0, we get only two eigervalues, o of multiplicit y 1,
and 3 of multiplicit y n 1.

7. Bifurcations of xed points

In Section 6, we determined the eigervaluesof the linearized fully symmet-
ric language dynamical equation at all xed points. Bifurcations of xed
points can be detected by looking for parameter settings which causethese
eigervaluesto equal zero. The parameter a is consideredto be xed, and q
to vary from 1=nto 1. In this section, we determine what parameter values
causethe eigervaluesto be zero and accourt for all bifurcations involving
just xed points. From this information, we can determine the signs of all
the eigervaluesand therefore the stability of eadh xed point. First, we han-
dle the m-up xed points, which comeinto existencethrough saddle-nale
bifurcations. Then, we discussthe uniform xed point, which always exists,
but undergoesa reversal of stability.
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7.1. Bifur cations of the m-up xed points

There are two special valuesof g corresponding to bifurcations: ¢max Which
correspondsto a collision of many xed points at the certer of the simplex,
and ¢, which correspondsto seweral simultaneous saddle-nale bifurcations
in which the m-up and (n  m)-up xed points comeinto existence.A num-
ber of tricks will be usedto solve for these bifurcation points. To illustrate
the technique, we rst nd the sign changesof , becauseit is the simplest
of the three eigervaluesto work with and the calculations can be carried
out by hand. The samecalculations work for 3 and 1, but for 3 they be-
comeunwieldy and are best carried out with the aid of a computer algebra
system.

Prop osition 3. For an m-up xed point where n > m > n=2, the eigen-
value » is strictly negative for q < Gmax, z€m for q = Gnax , and strictly
positive for 4 > Gnax. If 1 < m  n=2, then the eigenvalue , 0 for
g= G, and strictly positive for q> ¢n,.

Proof. Since » is of multiplicit y m 1, it doesnot a ect the uniform or
1-up xed points, hencethe hypothesism > 1.

We look for the special value of g such that , = 0 by solving a pair of
guadratic equations: The rst (24a) is (10) with Z replaced by X, which
constrainsX to beeither X (M or Y (™ M) The second(24b) is an expansion
of , = 0assumingX = X (M that is, that we are evaluating » at an m-
up xed point. When fully expanded,thesetwo quadratic equationsare as
follows:

(a 1)m(n 1)X?2 (24a)
+(@ 1)@+2m(q 1) nog)X
(@@ m n) (g 1)=0;

m X 2 (24b)
n m
2@ an( 1+m mqg+ nQq) X
(n m)(n 1)
. 1 a an(l 0 -0
n m n 1

It should be noted that there are solutions to this systemthat do not cor-
respond to sign changesof » or to bifurcations in the symmetric language
equation. These extraneous solutions will be eliminated once all solutions
are found. Although one could conceiably substitute the explicit expres-
sionsfor X (M and Y (™) into the equation » = 0 hoping to solve it for g,
the resulting equation has seeral embedded squareroots, and in manipu-
lating it to get rid of them, extraneoussolutions are bound to appear. By
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dealing with this systeminstead, it is easierto prove certain things about
the solutions that will ensurethat we nd all of them, and that we can
determine which onesare extraneous.

The rst result is that for ead value of g which solvesthe system in
guestion, there are at most two valuesof X, and for ead value of X, there
is at most one value of g. This is evident becausewhen qis xed, the two
guadratic equations can have at most two common roots, and when X is
xed, both equationsare linear in q.

The secondresult is that there are two possible values of g, which are
found asfollows. Multiplying (24a) by n and (24b) by (n 1)(n m) and
adding the two results together yields, after much simpli cation:

@ a(ng 1)(nX 1=0: (25)

At this point, we have two choices, either q = 1=n, or X = 1=n. In the
rst case,we get two solutions for X becausewhen q= 1=n both quadratic
equations turn out to have the sametwo roots; howewer, they are both
complex,and are of no further interest. In the secondcase the two quadratic
equationsin X becomelinear in q upon substituting X = 1=n, and we get
a single solution

l+n+an? n 1
ni2+ a(n 2))

q= = Omax : (26)

This is the unique parameter value for which , changessigns.To determine
the signs, we plug the extreme caseq= 1;X = % into », which yields

1 a

L=
m m

2] q:l X =

which is positive. Therefore, , is negative for q < nax and positive for
q> Gnax -

It is important to notice that if m < n=2, then X (M) > 1=n, sofor these
m-up xed points, » ispositivefor all g sudc that the xed points exist, and
never changessign. To prove this inequality, obsene from Equations (11)
and (13) that

X (m) 1 g + nqg 1 :
n 1 2m(n 1)
For any xed q, the term (ng 1)=2m(n 1) is minimized by making m
as large as possible.If we require m < n=2, then

X (M) s 1 q, _nq 1
n 1 2m(n 1)

S|k

m=

INE

On the other hand, for m > n=2, the m-up xed points always satisfy
X (M) = 1=n at q = Gnax. TO prove this, recall that (10) is a quadratic
equation whoseroots X (M) and Y (™ ™M) are numberswhich appear m times
as entries of m-up xed points. It can be seenby substitution that if q =
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Gmax , then 1=n is a root of this quadratic, soeither X (™) or Y(" ™) hasto
be 1=n. Assumethat m > n=2andY(™ ™ = 1=n. It followsthat X (" ™) =
1=n which yields a contradiction becausen m < n=2 and from a preceding
argumert X (™ ™) > 1=n. Therefore, X (M = 1=n and Y™ ™) is the other
root.

In the casewhere n is even and m = n=2, the m-up xed points come
into existenceat g = Gn = Gnax and X (M = 1=n, sofor them, , = 0 at
that point and , > O for all larger g.

In summary, the sign changein , takesplacefor the m-up xed points
wherem > n=2 and for no others. t

Prop osition 4. For an m-up xed point whee n 1 > m > n=2, the
eigenvalue 3 is strictly positive for q < @nax, zem for g = Gnax, and
strictly negative for > Gnax . If 0< m n=2, then the eigenvalue 3 0
for g= ¢, and strictly negative for q> Gy .

Proof. Since 3 is of multiplicit y n 1 m, it doesnot aect (n 1)-up
xed points, hencethe assumptionthat n 1> m.

The analysisfor 3 is quite similar to that for ,, and 3 is zeroexactly
when = Gnax and X = 1=n. It turns out that

—_— 1 a.

3Jq:]_ ;)(:ml - m

S0 3 is positive for g < Gnax and negative for q > Gnax . Again, the sign
changein 3 takesplace for the m-up xed points wherem > n=2 and for
no others. t

Prop osition 5. For an m-up xed point where n > m > n=2, the eigen-
value 1 is strictly positive for 6m < g < Omnax, zeo for g = Gn Or Gnax .
and strictly negative for 4> Gnax . If 0< m  n=2, then the eigenvalue 1
is zem for q= ¢, and strictly negative for q> ¢n,.

Proof. The analysisfor ; is also similar, but yields two sign changes.The
two quadratic equationsare

(a 1)m(n 1)X?2 (27a)
+(a 1@+2m(g 1) ng)X
@ m n) I)(qg 1)=0;

3(1 amn X2

(27b)
n m
., 20 a(m+n 3mn+2mng n2q) N
(n m)(n 1)
L, 1 n 2md 9 a@ n+ n> m(n+2)(1 q n3g -

(n m)(n 1)
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The rst one, (27a), is the same as (24a) and constrains X to be either
X (M) or Y(" M) The secondone, (27b), is an expandedform of ; = 0.
The linear combination of 3n times (27a) plus (n  1)(m n) times (27b)
yields a large linear equation in X, which allows us to eliminate X in the
rst quadratic equation and nd two values of g. The rst turns out to
be g = n, which requires X = X (M) or Y(™ M) This is the bifurcation
in which the m-up and (n  m)-up xed points comeinto existence.The
secondis g = Gnax , Which requires X = 1=n. Once again, this secondsign
change takes place for the m-up xed points where m > n=2 and for no
others. t

For the speci ¢ caseof m = 1, the only eigernvaluesare ; and 3. Only
Propositions 4 and 5 are relevant, and prove that the 1-up xed points are
sinks when they exist. Thesethree propositions together also prove that all
other m-up xed points are saddlesof somekind.

7.2. Bifur cations of the uniform xed point

The uniform xed point, which is best thought of asthe casewherem = 0,
is a special case,as it has only two distinct eigervalues: o, which is not
of interest, and 3 = ¢; 3, which determines the stability of the xed
point. Again, we look for the special value of g that makes 3 = 0. The
expressionc; ¢z = 0 evaluated at x; = 1=n yields a linear equation in ¢
whosesolution is the familiar

l1+n+an? n 1 _ _ 08
n2+an 2) = Gmax (28)

For g < Gmax » the uniform xed point will be a stable sink, and for q any
larger, it will be an unstable source.

q:

7.3. Remarks alout the bifurcations

Note that due to the symmetry of this dynamical system, §max appearsas
a bifurcation point for many of the xed points. As g increasesto Gmax , all
the xed points comeinto existence,and for evenn, the n=2-up xed points
comeinto existenceright when q= nax - At this value of g, the m-up xed

points for m > n=2 all collide with the uniform xed point in the certer of
the simplex. As q increasesfurther, the xed points all separate,with none
being lost, but the uniform xed point hascompletely reversedits stability.
This behavior is known as an S, -symmetric transcritical bifurcation. (See

[1].)
8. Other prop erties of the vector eld

The vector eld given by (8) can be written asthe gradient of a function

V (x) plus an additional term. A number of well-known proofs [10,11] about

gradient dynamical systemscan be adapted to work on this ODE because
of its near-gradiert form, and the fact that the trajectories of interest are
con ned to a simplex.
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Prop osition 6. De ne the function V(x) as follows:

V = %(1 a)(q u)Ms %(1 aM 2 %aunMg + auMy: (29)
If x(t) is a trajectory of (8) whichis con ned to the simplexS,, andis not a
xe d point, then the function V (x(t)) is strictly increasingastime advanes.

Proof. This function was selectedso that @/=@; accourts for as many
terms of the right-hand side of (8) aspossible.Thus, (8) may be re-written

as @
Xi = —+ (1 a)uMy;
Al @J ( ) 2

or in vector notation:
Xx=DV+ (1 auM,l: (30)

Computing the time derivative of V and using (30) to substitute for DV
yields

V=DV x=kxk® (1 a)juM,l
Sincethe trajectories of interest lie in the simplex, 1
term vanishes,leaving

X:
X = 0, sothe second
\L = kxk?: (31)

On any trajectory other than a xed point, x will be non-zero,so\. will be
strictly positive. Therefore, V will be strictly increasingwith time. t

This proposition implies the following:

Prop osition 7. The ODE given by (8) hasno solutions which are periodic
closel orbits, homalinic loops, or directed heteroclinic cycles.

Proof. Suppose x(t) is a periodic closedorbit of period T, where T > 0.
Then x(0) = x(T), which implies
VA
0=VX(T)) Vx0) = \Ldt:
0
However, the integrand is strictly positive, so the right-hand expression

cannot be zero, and we have a cortradiction.
A similar argument handlesthe casesof homoclinic loops and directed

heteroclinic cycles as follows. Suppose X1;X2;:::;Xm, where m 1, are
xed points, eat of which is connectedto the next by an orbit, and xn,
is connectedback to x;. By a similar argument, V(x1) < V(x2) < <

V(Xm) < V(X1), sowe have a cortradiction. t
Prop osition 8. All orbits of (8) tend to some xed point ast! 1.

Proof. The function V (x) is continuousand its domain, the simplex, is com-
pact. Therefore, V (x) is bounded. For an orbit x(t) other than a xed point,
the value of V (x(t)) is strictly increasingand bounded. It must therefore
approach a nite limit from below ast! 1 . This impliesthat \.! 0, and
by (31), x ! 0, which is only possibleif the orbit corvergesto a xed point.
t
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9. Conclusion

The results of the preceding sections allow us to form a fairly complete
picture of the fully symmetric languagedynamical equation. In particular,
we have a complete description of the pattern of bifurcations as q increases
from 1=nto 1. For low valuesof g, there is only one xed point, the uniform
xed point, and it is a stable sink. As q exceeds};, the 1-upand (n  1)-up
xed points appearin pairs, one pair in ead corner of the simplex, through
saddle-nale bifurcations. The 1-up xed points are stable sinks and remain
stableasqincreasesput the (n  1)-up xed points are saddles.Their stable
manifolds initially form the boundaries betweenthe basinsof attraction of
the uniform xed point and those of the 1-up xed points. As g increases
further, the other m-up xed points appear in saddle-nale bifurcations,
and are always saddles.When g nally reaces@nax , the m-up xed points
for m > n=2 all collide with the uniform xed point in an S,-symmetric
transcritical bifurcation. As q increases,the m-up xed points separate,
having shu ed their stabilities and becomesaddleswith dierent stable
and unstable manifolds than they had before the bifurcation. The uniform
xed point cortinuesto exist, but is now an unstable source.

By analyzingthe fully symmetric languagedynamical equation asa near-
gradient system, we have shown that its behavior is fairly straightforward.
There are no closed orbits, no homoclinic loops or directed heteroclinic
cycles,and all orbits tend to a xed point astime increases.

This model provides a mathematical foundation for understanding lin-
guistic phenomenathat have to do with population dynamics, ewolution-
ary phenomena,and learning in heterogeneouservironments. Consider for
example the transition from Old English to Middle English. One theory,
described in [16], is that part of the change was due to the in uence of
Scandinavian invaders, whose language was somewhat similar to Old En-
glish. The results in this paper may be linked to this hypothesis as fol-
lows. Before the invaders,the English linguistic environment was relatively
uniform apart from dialectical di erences. In this situation, the grammars
available to children were a number variations of Old English, and learning
was very reliable, that is, a was closeto 1 but q was large enoughthat the
population had settled into a single-grammarequilibrium. (Grammars very
dierent from Old English can be ignored, as the probability that a child
makes enoughlearning errors to speak somethingtotally dierent seemsto
be tiny in this case.)Once the invadersarrived, the presenceof Scandina-
vian speed causedenoughconfusionthat children were unable to properly
acquire certain featuresof Old English, such asthe casesystem.That is, the
added linguistic noisecausedq to decreaseenoughto destabilize the single-
grammar equilibrium. When the invasionceased increasedagain, and the
population settled down into a di erent single-grammarequilibrium.

The results of this paper can be extendedin a number of directions. For
example,whenthe A and Q parametersof the languagedynamical equation
are setto the symmetric forms here plus a small, asymmetric perturbation,
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the masscollision of xed points which resultsin the S, transcritical bifur-

cation will not occur, and the transition to coherencewill happenin seweral
small bifurcations instead of one big one. To understand all possiblepertur-

bations would require nding a universal unfolding of the S, transcritical

bifurcation in an arbitrary number of dimensions.(See,for example, [1] for

another instance of this bifurcation and [7] for arelevant theorem.) An alter-

native would be to explore parameter settings which have a smaller symme-
try group, for example, cyclic or dihedral symmetry. This model currently

ignores spatial e ects, such as clustering, which are known to be crucial in

maintaining linguistic diversity. For example, Papua New Guinea is home
to many isolated trib esseparatedby mountains, and hundreds of languages
are spoken there. Spatial e ects could be incorporated into this model by

re-formulating it for a number of discrete cities with limited interaction, or
by moving to a system of partial di erential equations.
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