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Abstract. — In the last few years an increasing interest has been paid to fractal inspired
statistics. Our aim is to describe some new insight obtained using Tsallis statistics. In the
framework of the generalized statistics we described some properties of the Maxwell-Boltzmann
gases. The behavior of the occupation numbers with respect to the temperature indicates
similarities with Fermi gases. Using the Nernst theorem we also determine the fractal index of

statistics.

1. Introduction

In the last few years a number of papers developed a new area of interest both for experimental
and theoretical physics. Fractal inspired statistics becomes an important tool in studying
analytically and numerically the behavior of complex systems. A pumber of research groups
used the Tsallis [1] formalism of generalized statistics to find some new analytical results and
more efficient numerical algorithms. Mariz [2] approaches the problem of the time evaluation of
Tsallis entropy. In the meantime, Ramshaw [3,4] obtained important results concerning Tsallis
statistic using the master equation and clarified the meaning of thermodynamic stability in the
fractal inspired statistics. Biyiikkilig et al. (5] established the general form of the Maxwell-
Boltzmann, Fermi-Dirac and Bose-Einstein generalized (fractal) distributions.

In the present article we describe some unusual properties of the Maxwell-Boltzmann gen-
eralized distribution. Our principal goal is to pay attention to some unusual features of the
system in the Tsallis statistics and to get a more physical insight to the fractal index g. The
results that we obtained are based on the properties of the Hurwitz zeta function [6,7]. The
zeta function method allow us to obtain analytic results both in the factorization hypothesis (5]
as well in the general case. We also believe that the realistic interpretation of the fractal index
g is given by the Nernst theorem.

2. Tsallis Distributions

In the following we adopt the general setting of the second quantization theory. Therefore,
let us consider a non-interacting quantum system composed of N particles. We consider
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the system in the heat bath. Then the steady states of the system are solutions of the
Schrédinger equation
Hyp = Epyr, (1)

where g and H are the wave function and respectively the Hamiltonian of the system. Let
{n1,n2,...,N,...} be the occupation number of the quantum state R. The n; quantities are
the number of particles in the state k.
The Tsallis entropy is defined by [1, 5]

sT=—2(1-T ). ®
g—1 7

For the sake of simplicity we consider the Boltzmann constant kg = 1. In order to determine
the distribution probability let us assume the validity of the Boltzmann H theorem. Using the
Lagrange’s multipliers method with the following constrains

ZPR = 1,

R
D> ErPj = ¢ 3)
R

> PiNm = N,
R

Il
o

we first write the expression

=—l—1(1 ZP")—aZPR ﬁZERP ’YZNRPfqzv (4)
R

that has to be maximized, where a, 8 and v are undetermined Lagrange multipliers. Setting
the derivative of the Q with respect to Pg equals to zero then the probability of state R is

1

Pr= 7= (1+ g - DEr - fla - 1)Ngu) ™7, ()
where
Z, =Y (1+Blg - 1)Er - B(g — 1)Npu) ™ (6)
R

is the partition function of the grand canonical ensemble. Assuming the validity of the funda-
mental equation of thermodynamics then we can identify 8 = 1/T,y = —fBu. The energy of

the state R and the total particle number can be expressed by the occupation number of the
one-particle states

Ep=nie) +mpea+ ...+ e+ ..., (7)
Np=mni+no+...4+n0+.... (8)
Using (7, 8, 5, 6) one obtains for the generalized partition function

Zo= Y (1+Blg-1) (mles =) +... +nnlen - )T, )

ny.npy
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and for the generalized probability
1 a1
Poy,.ny = 5 1+ Blg-1) (mler - p)+...+nn(En - p))r (10)
q

When the correlation between particles can be ignored the partition function (9) can be fac-
torized [4,5)

(14 Blg — D) (ex — 1) ™7 . (12)

M8

N
z,=]]
k=1

In these conditions the partition function can be viewed as a product of factors each corre-
sponding to the k single-particle state. In what follows we refer only to the Maxwell-Boltzmann
statistics. Thus the partition function (9) becomes

nE=0

Zo= T (L+B@=1) (er — )+ oot (Ery = DT, (12)
kpseeakpy
where the sum is over all possible states of the individual particles {ki,kz,...,kn}. According

to the factorization view point the partition function of the grand canonical ensemble can be
written

Z,=2", (13)

where -
2=3 (1+Blg- e — )T (14)

k=0

is the generalized single-particle partition function. The distribution probability from (10)
becomes

Pe= 1@ +Ba-Dlee— )T (15)

3. The Behavior of the Maxwell-Boltzmann Gases in the Factorized Tsallis
Ensemble

Let us consider, as a first step in our general approach, only the systems having linear energy
leve! distribution
e, = ak +b, (16)

where a and b are constants. As a generic systems we refer here to the harmonic oscillator.
3.1. FACTORIZATION VIEW POINT. — From a consequent factorization view point (14) be-

comes

z= 3 (1+ﬂ(q-1)ek)‘+“ (1-B(g- D)™, (17)
k=0

and thus the probability distribution leads to

(1 + ﬂ(q - l)ek)T}; . (18)
S (148l - Den)™

=0

Py =

b






